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Abstract
This work is devoted to investigate some consequences of black holes physics
beyond the domain of general relativity, mainly in effective extra dimensional mod-
els. The investigation is carried along three gravitational effects, namely the Hawk-
ing radiation, the strong deflection of gravitational lensing and the formation of
quantum black holes. A cosmological thick brane solution is also investigated. Ef-
fective theories and models provide a prominent approach for testing the limits of
known theories and show what would be expected beyond that. Based on such
idea we have used effective models for finding deviations of general relativity as-
sociated to each of the mentioned phenomena.
Keywords: Black Holes, Extra Dimensions, Gravitational Lensing, Quantum
Black Holes, Generalized Uncertainty Principle.
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Resumo
Neste trabalho foram investigadas algumas conseguências da física de buracos
negros em teorias cujo domínio está além do domínio da relatividade geral, em
especial em teorias efetivos com dimensões extras. A investigação foi em substan-
cialmente conduzida baseando-se em três efeitos gravitacionais, a saber, a radiação
Hawking, o regime de deflexão forte de lentes gravitacionais e a formação de bura-
cos negros quânticos. Uma solução de modelo cosmológico imerso em uma brana
espessa foi também investigada. Modelos e teorias efetivas fornecem meios para
testar os limites de validade de teorias conhecidas e indicam o que deveríamos
esperar além desses limites. Baseado nessa ideia foram usados alguns modelos efe-
tivos para estudar efeitos não previstos pela relatividade geral, associados a cada
um dos fenômenos mencionados.
Palavras Chave: Buracos Negros, Dimensões Extras, Lentes Gravitacionais, Bu-
racos Negros Quânticos, Princípio da Incerteza Generalizado.
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2Chapter 1
INTRODUCTION
The Einstein’s theory of gravity, the so called general relativity, has been fascinat-
ing physicist and science enthusiasts for a century. It is not by chance, predictions
of general relativity transcend our regular experience with physical phenomena
so dramatically that one could have difficulties for separating physics to science
fiction. The final answer is, as always, given by nature, through experiments or ob-
servations. Black holes are one of those odd predictions that have been challenging
the imagination of physicists for decades.
The physics of black holes was developed, mainly, after the 50s, carried by some
of the most prominent physicists of the last century. Applying the machinery of
Riemann geometry they discovered that black holes are associated with space-time
singularities and are capable of changing the space-time causal structure. Even
being highly non intuitive objects, they are pretty simple, in the sense that any
asymptotically flat black hole solution predicted by general relativity is described
by only three parameters, namely, mass, angular momentum and charge. In spite of
its power and elegance, general relativity was not sufficient to explain some prob-
lems emerging on the interface between black hole physics and thermodynamics.
An extension of the classical general relativity, called semi-classical gravity, was
developed and employed to make both fields compatible.
It is not the end, black holes are always inviting us to go deeper in fundamental
physics. The semi-classical approach has its limits. When quantum effects become
more prominent, a new theory should be used to explain properly things like singu-
larities and the physics around the Planck scale. This theory is not known up to the
present date, but black holes might be used to guide us through the directions po-
tentially interesting. In this sense, black holes are employed by phenomenological
approaches looking beyond general relativity. This is a central point in the present
work. In fact, we apply phenomenological theories/models, mainly using extra
dimensions, to test deviations of general relativity. Some of those deviations can
be tested by applying the effect gravitational lensing. Lensing effects have been be-
ing applied with great success by astrophysicists and cosmologists for a long time.
However, only recently an effective approach able to incorporate the strong gravi-
tational field around black holes was proposed. Such approach is known as strong
deflection limit and we have used it to calculate observables of extra dimensional
black holes.
Despite being usually related to astrophysical objects, black holes are also ex-
pected to be formed when a high concentration of energy is confined in a small re-
gion of the space-time. In order to better understanding such phenomena was pro-
posed the horizon quantum mechanics formalism. Some interesting results emerge
in this formalism, as the generalized uncertainty principle and minimum physics
scales. Both phenomena appear in different candidates for the theory that merges
gravity and quantum mechanics.
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Summarizing, in the present thesis we investigate some effective approaches of
black hole physics when one tries to push the borders of gravity and/or quantum
mechanics.
1.1 Results and Thesis Organization
Except by this introductory chapter and the next one, any chapter of this thesis
contains at least one session filled with results published by us in indexed journals.
They are listed accordingly: Ref. [3] was published in Adv. High Energy Phys.
(Chapter 3), Ref. [4] in Gen. Rel. Grav. (Chapter 4), Ref. [5] in Class. Quant.
Grav. (Chapter 5) and Ref. [6] in Phys. Lett. B (Chapter 6). All the results were
obtained and published during the doctorate degree time with my advisor and/or
collaborators.
There are more results published but not included here. Their topics are not
very related to the theme of the present thesis and are listed as following:
• Ref. [7] was our first work, it deviates considerably of the present one and
was further developed by another author and Roldão’s student.
• Ref. [8] regards more formal aspects highly based on Clifford and DKP alge-
bras, underlying dark spinors.
• In Ref. [9] I explicitly found the reciprocal Lounesto spinor classification. It
has been useful for researchers in the field of non standard spinor fields.
• Ref. [10] contains results intimately related to Ref. [8].
• In Ref. [11] we employed the shear viscosity-to-entropy density ratio for esti-
mating the post-Newtonian parameter.
• In Ref. [12] new spinor solutions encompassing flag-pole and flag-dipole
spinors in Kerr space-time have been derived.
In the next chapter our aim is to establish the basic notation, nomenclature, re-
sults and ideas that appear along the text. There we introduce a set of basic results
of black hole physics in general relativity, from the possible asymptotically flat so-
lutions to black hole thermodynamics. It provides a minimally smooth transition
between results of classical black holes and our discussion of results found outside
the domain of general relativity. In the Chapter 3 we apply a recent method for
calculating the Hawking temperature. The method is used to determine the tem-
perature of a black hole emerged as an effective solution of string theory. Our result
[3], presented in Sec. 3.4.2, shows that the same temperature is obtained by consid-
ering the emission of a fermion beyond the standard model. Such fermion has its
own dynamical equations, which makes the results highly non trivial.
The Chapter 4 is dedicated introduce some basic models and phenomenological
aspects of large extra dimensions. We discuss some braneworld proposals and its
effects on the limits of general relativity. The thick brane paradigm is also included
in this chapter. It is used to introduce our results [4] in Sec. 4.4.2, which deal with
the spherically symmetric thick brane version of the Friedmann-Robertson-Walker
solution. We consider a scalar field minimally coupled with gravity, generating the
warp factor, and analyse the solutions of the field equations for the cases of null,
negative and positive curvature. We finish the chapter with a section introducing
the extra dimensional black hole solutions used in the subsequent chapters.
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The deflection of light by strong gravitational fields is investigated in the Chap-
ter 5. We apply a different approach for calculating the angular change in the tra-
jectory of light, the so called strong field deflection limit. In contrast to the conven-
tional approach, this one is appropriate to deal with deflections happening nearby
highly massive astrophysical objects. Such approach can be used for testing effects
of black hole solutions not predicted by general relativity. In fact, in Sec. 5.4 we es-
timate the effects of the braneworld black holes introduced in the Chapter 4 when
compared to the standard Schwarzschild solution [5].
A new approach for black holes emerging in scenarios where effects of both,
gravity and quantum mechanics, are not negligible, is discussed in the Chapter 6.
Such approach, known as horizon quantum mechanics or horizon wave function,
provides an effective way for estimating the formation of mini black holes. We ex-
tend the horizon wave function formalism to an extra dimensional scenario in Sec.
6.3, showing that quantum effects could change the probability of those black hole
formation [6]. The results can change the number of events of black hole formation
expected in the present colliders. Finally, in the Chapter 7 we summarize the results
and discuss some future perspectives.
5Chapter 2
PRELIMINARIES
In this preliminary chapter we are going to discuss some basic and general results
of general relativity (GR) as well as what we mean by beyond GR. Its purpose is
to establish notations, conventions and nomenclatures used along the text, plus to
introduce the basic setup of black holes in Einstein’s gravity. By Einstein’s gravity
we mean the 4-dimensional (4D) theory of general relativity. This more than 100
years old theory has been survived against numerous observational tests and is the
standard theory for gravitational interactions. Despite its remarkable success, GR
by itself does not give enough clues on what should be expected when quantum
effects are not negligible. In this case black hole physics could provide an effective
approach to go further on the interface between gravity and quantum mechanics.
Let us start by some basic conventions. The fundamental geometric objects of
GR are a manifold M and a metric g. The pair (M, g) is referred as the space-
time. We shall use Greek letters representing the components of 4D fields defined
in the tangent space TpM of the point p ∈ M. We adopt the indexes ranging in the
set {0, 1, 2, 3}. For higher dimensional space-times we use Latin capital letters for
indexes in the set {0, 1, 2, 3, 5, 6, ..., n}. Hence, a line element of a 4D space-time is
represented by
ds2 = gµνdx
µdxν , (2.1)
whereas a line element of a higher dimensional space-time reads
ds2 = gABdx
AdxB . (2.2)
The metric signature adopted is (−,+,+, ...), being, for example, spherically sym-
metric static 4D metrics denoted by
ds2 = −A(r)dt2 +B(r)dr2 + r2dΩ2, (2.3)
where dΩ2 = dθ2 + sin2 θdφ2. Unless explicitly mentioned, the natural unity sys-
tem (c = ~ = 1) will be used, where the Planck mass is related to the gravitational
constant as mp = G−1/2. In some situations, symmetric and anti-symmetric per-
mutations of indexes are denoted by round and squared brackets, defining
∇(µVν) ≡ ∇µVν +∇νVµ and ∇[µVν] ≡ ∇µVν −∇νVµ, (2.4)
for an arbitrary field V .
Settled down the basic notational conventions, we can begin the discussion of
GR. General relativity is a geometrized theory of gravity which generalizes the
Einstein’s special relativity and the Newtonian gravity. The non-vacuum dynami-
cal field equations, also called Einstein equations, follow from the Einstein-Hilbert
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action plus the matter action
SEH + SM =
∫
d4x
√−g
(
R
16piG
+ LM
)
, (2.5)
where R is the Ricci scalar and g is the metric determinant. The field equations are
a system of coupled non linear partial differential equations for the metric compo-
nents gµν and are obtained by varying the above action with respect to gµν . They
connect geometry and matter in a very elegant way
Gµν ≡ Rµν − 1
2
Rgµν = 8piGTµν . (2.6)
Tµν = − 2√−g
δ(
√−gLM )
δgµν is the energy-momentum tensor. It encompasses energy
and momentum of matter fields, which act as a source for gravity. The left hand
side is composed by the Ricci tensor Rµν and the Ricci scalar, both measuring the
curvature of space-time. The tensor Gµν is called Einstein tensor.
The black holes we are going to introduce in the next section emerge as solu-
tions of Eq. (2.6) for vanishing Tµν . Their properties have been pushing forward
our knowledge about gravity for decades. They are also seen as prime candidates
to reveal what might be expected beyond GR. A general discussion of such possi-
bility, which have been influencing a considerable portion of present research on
the interface gravity × quantum mechanics, can be found in Sec. 2.3. Before that
we will briefly revise some features of black hole physics in GR.
2.1 A Glimpse of Black Holes in General Relativity
Theoretical predictions of black hole-like objects are more then 100 years older than
the Einstein’s general relativity. It dates back the 18th century, found in the work
of John Michell and Pierre-Simon Laplace, when calculating the escape velocity of
astronomical objects. If the escape velocity was higher than the velocity of light,
the object would not radiate, thus it would be invisible for distant observers. Those
objects were called dark stars. The modern concept of black hole begins with the
first exact solution of the Einstein equation, provided by Karl Schwarzschild. How-
ever, black hole physics became a very active topic in theoretical physics only in the
60s, keeping such status up to the present date. The difference is that the present
research of black holes physics is not restrict to the theoretical fields nor restricted
to gravity. Many evidences supporting the existence of such objects were found in
astronomical observations [13, 14], including the recent detection of gravitational
waves by the LIGO collaboration [15, 16]. They also play a central hole in the
gauge/gravity correspondence [17] and its application to condensate matter [18].
In Chapter 5, for example, we use data from Sagittarius A∗, the supermassive black
hole believed to reside in the center of our galaxy, to calculate the light deflection
produced by black holes emerged beyond Einstein’s gravity.
There are three main physical process expected to form a black hole: primor-
dial density fluctuations, high energy collisions and collapsing of highly of mas-
sive stars. The first process would form primordial black holes (PBH), the second
would form quantum black holes (QBH) and the third is associated to astrophysical
black holes (ABH). Only ABH are truly GR predictions, the other two require also
quantum properties. Some features of each type are summarized below:
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PBH Those black holes are expected to form due primordial density inhomogeneities
or topological defects from phase transition in the early universe. The high
density of the early universe is a necessary but not sufficient condition for
PBH formation. Some kind of density fluctuation is also necessary in order to
over dense regions stop expanding and re-collapse into a PBH. Those fluctu-
ations could be primordial or arise spontaneously, as quantum effects during
the inflation epoch. PBH is an active field of research. They were proposed to
describe dark matter [19] and have been used to constrain models in cosmol-
ogy [20] and inflation [21];
QBH Quantum black holes are interesting tools for testing the merge of gravity
and quantum mechanics. Those black holes should be formed when a large
amount of energy lies in a very small region. In this case, if the energy is
large enough, the causal structure of the space-time is changed by the horizon
formation. Classical predictions expect such black hole formation happening
close to the Planck scale, which is very far beyond the present experiments.
However, some models predict this energy scale being lowered to a few TeV.
We shall discuss more about quantum black hole in Sec. 2.3 and Chapter 6.
ABH Astrophysical black holes are the best known type of black holes. The evi-
dences of black holes found in astronomical observations are usually asso-
ciated to ABH. Those black holes are formed after massive stars reach the
endpoint of their thermonuclear burning phase. Hence, nuclear reactions no
longer supply thermal pressure and the gravitational collapse proceed (see
Fig. 2.1). The first solution of the Einstein equations describing a collapsing
star were proposed in 1939 by Oppenheimer and Snyder [22]. They calculated
the collapse of a homogeneous sphere of pressureless gas in general relativity,
yielding a black hole.
Singularity
Star surface
Horizon
Time
Radius
Collapsing process
FIGURE 2.1: Depicture of a spherically symmetric star collapsing into an ABH.
Now we are going to discuss some classical solutions and results of black hole
physics in general relativity.
2.1.1 Asymptotically Flat Solutions
The first discovered solution to the Einstein field equations, as well as the simplest
black hole solution, is the famous Schwarzschild metric [23], given by
ds2 = −
(
1 +
2M
r
)
dt2 +
(
1 +
2M
r
)−1
dr2 + r2dΩ2. (2.7)
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It was found in 1915, within months after Einstein achieved his final formulation of
general relativity. Since the solution is static and spherically symmetric, it was first
proposed to describe the geometry outside a static and spherical star. It took several
years to appear the interpretation of the Schwarzschild solution as describing a
black hole.
One of the main straightforward features of the Schwarzschild solution can be
seen directly from Eq. (2.7). The grr coefficient becomes singular for r = r+ = 2M
and for r = 0. In general relativity there are two types of singularities that one
must distinguish, namely, coordinate singularities and curvature singularities. The
singularity at r+ = 2M can be removed by changing the coordinate system, thus
it is called coordinate singularity. The one at r = 0, on the other hand, can not
be removed by any coordinate system, being called curvature singularity. Cur-
vature singulaties can be found by computing quantities that measure the grav-
itational field strength in a invariant way, by applying the so called diffeomor-
phism invariants or scalars, which give a measure of the density of matter. The
Kretschmann scalar [24] K = RµναβRµναβ is one of those invariant quantities.
For the Schwarzschild solution one finds K ∼ M2/r6. Therefore K diverges at
r = 0 but is perfectly regular at r+ = 2M , as mentioned earlier. The Eddington-
Finkelstein coordinates [25] is an example of coordinate system with no singularity
at r+ = 2M . In such coordinates the Schwarzschild solution is given by
ds2 = −
(
1 +
r+
r
)
dv2 + 2dvdr + r2dΩ2, (2.8)
where v = t + r∗ and r∗ = r + 2M ln(r − 2M). Another way to avoid coordinate
singularities is by using the Painlevé-Gullstrand coordinates [26],
ds2 = −
(
1− r+
r
)
dt2p + 2
√
r+
r
dtpdr + dr
2 + r2dΩ2. (2.9)
We shall use the above Painlevé-Gullstrand coordinates in the next chapter to cal-
culate the Hawking temperature.
A few years after Schwarzschild had found the solution carrying his name,
Reissner and Nordström generalized it by considering charged spherically sym-
metric objects. Coupling to an electromagnetic field one finds the Einstein-Maxwell
equations, which follow from the action
SEM =
∫
dx4
√−g
(
R
16piG
− 1
4
FµνF
µν
)
. (2.10)
The term FµνFµν results in the energy-momentum tensor
TEMµν =
1
4pi
(
FµλF
λ
ν −
1
4
gµνFαβF
αβ
)
, (2.11)
corresponding to an electromagnetic field with field strength tensor Fµν . Hav-
ing the only non-zero component of Fµν as Frt = Q/r2 one finds the Reissner-
Nordström solution
ds2 = −
(
1 +
2M
r
+
Q2
r2
)
dt2 +
(
1 +
2M
r
+
Q2
r2
)−1
dr2 + r2dΩ2, (2.12)
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whereQ is the black hole charge. From the above metric we can see that, ifM > |Q|,
there are two values of r for which the metric component grr diverges:
r± = M ±
√
M2 −Q2. (2.13)
The larger represents the event horizon r+, whereas r− is known as inner horizon
or Cauchy horizon. The Cauchy horizon delimits the region where initial data can
have unique evolution. Beyond this horizon the evolution can be affected by un-
known boundary conditions at the singularity [27].
The next solutions regard spinning and charged-spinning black holes, known
as Kerr [28] and Kerr-Newman [29] solutions respectively. In contrast to the static
Schwarzschild solutions, found quickly after the Einstein’s seminal work, it took
almost 50 years before the analogous solution for a spinning black hole had been
found. From the metric components one could guess the reason for this long delay
between solutions:
ds2 =− ∆− a
2 sin2 θ
Σ
dt2 +
Σ
∆
dr2 + Σdθ2 − 2a sin
2 θ
Σ
[
(r2 + a2)−∆)] dtdφ+
+
sin2 θ
Σ
[(
r2 + a2
)2 −∆a2 sin2 θ] dφ2 (2.14)
where ∆ = r2 − 2Mr + a2 +Q2 and Σ = r2 + a2 cos2 θ. The above metric does not
depend on t or φ. It implies that the space-time is stationary and axisymmetric1.
The general metric (2.14) is the Kerr-Newman black hole, it describes a rotating
solution coupled to (2.11). The other solutions can be obtained from Eq. (2.14) by
imposing some parameters to vanish. In fact, from Eq. (2.14) we have:
• Q = 0⇒ Kerr metric;
• a = 0⇒ Reissner-Nordström metric;
• Q = 0 and a = 0⇒ Schwarzschild metric;
• Q = 0, a = 0 and M = 0⇒Minkowski metric.
Once again, there are two singularities on Eq. (2.14). The first one occurs when
Σ = 0 and the other when ∆ = 0. The former is the actual curvature singularity, as
can be seen in the Kretschmann scalar [30]
K =
8
Σ6
[
6M2(r6 − 15a2r4cos2θ + 15a4r2cos4θ − a6cos6θ)+
− 12MQ2r(r4 − 10a2r2cos2θ + 5a4cos4θ)+
+ Q4(7r4 − 34a2r2cos2θ + 7a4cos4θ)] . (2.15)
The latter is the coordinate singularity, which is fairly similar to the Reissner-Nordström
when M2 > a2 +Q2. In this case there are two surfaces defined by
r± = M ±
√
M2 − a2 −Q2. (2.16)
Again the surface defined by r = r+ is the event horizon of the black hole and
r = r− corresponds to the inner (or Cauchy) horizon. Moreover, the component gtt
vanishes for rE = M+
√
M2 − a2 cos2 θ −Q2, which lies outside the event horizon.
1However it is not static, as can be seen by making t 7→ −t.
10 Chapter 2. Preliminaries
Except at its interception with the rotation axis, at θ = 0 and θ = pi, where they co-
incide. The region in between r+ and rE is called ergosphere (see Fig. 2.2). Penrose
proposed a process to extract energy from the ergospheres of black holes, known as
Penrose process [31]. From the Penrose process follows one of the black hole laws
with tight analogy to thermodynamic laws, as seen in Sec. 2.2.
r+
r
E
Ergosphere
Black Hole
FIGURE 2.2: Depicture of Kerr or Kerr-Newman black hole and its ergosphere.
2.1.2 Horizons
In general relativity there are two types of horizons, the black hole horizon and the
cosmological horizon. The black hole horizon is a future horizon, which means that
it can be on the future cone of events, but not in the past cone. The cosmological
horizon, on the other hand, can be on the past cone of events, but not in the future
cone. In both cases the horizon defines a boundary in between regions causally
disconnected in one direction. Here we are interested in black hole horizons and
some of its definitions.
The naive definition of event horizon as the region from which nothing can es-
cape is insufficient for the classical geometrical approach to GR. A mathematically
clear definition is required. In fact, the formal definition of black holes and event
horizons is the one used to prove some classical theorems of black hole physics. It
is defined as follows [31]:
Definition 2.1. Consider an asymptotically plane space-timeM. Give the null in-
finity future I+ and its causal past J−(I+), black holes are defined by
B ≡M− J−(I+). (2.17)
The event horizon is defined as the boundary of B.
The above definition can not be applied to non asymptotically plane space-
times. Moreover, it is highly non-local, in the sense that it requires the whole space-
time future. Those issues can be addressed by other characterizations of black hole
horizons [32, 33, 1]. We shall define one of those characterizations, called trapping
surfaces, but first we need some preliminary definitions.
Consider a space-like surface S, closed and 2-dimensional, immersed in a space-
time (M, g) and with induced metric g¯. Consider also a vector field V normal to S
on each point p ∈ S . Now make a small displacement in each p ∈ S along V such
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that p 7→ p′ = p + εV for ε small (see Fig. 2.3). This process defines a new surface
S ′. The displacement p 7→ p′ = p + εV produces an expansion of the surface S
FIGURE 2.3: Representation of the displacement p 7→ p′ = p+εV producing δA 7→
δA′. In this plot S appears as a closed line, whereas it is actually 2-dimensional
surface. Figure taken from [1].
into S ′, which is quantitatively given by the variation of the area element δA 7→ δA′
accordingly [1],
θ(V ) ≡ lim
ε→0
1
ε
δA′ − δA
δA
= g¯µν∇µVν . (2.18)
As the surface S is space-like, it lies outside the light cone of any point p ∈ S.
Thus the tangent space orthogonal to S at the point p [Tp(S)⊥] intersects the light
cone of p along two future oriented null curves orthogonal to S (see Fig. 2.4). One
FIGURE 2.4: Intersection of the null cone of p ∈ S and the orthogonal tangent
space [Tp(S)⊥] defining the directions k and l. Figure taken from [1].
of those curves goes ingoing S, whereas the other goes outgoing S. The behaviour
of geodesics in such directions determines the surface called trapping surface, as
defined below. Denoting the ingoing null direction by k and the outgoing by l, the
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surface expansions along them are give by θ(k) and θ(l) respectively. It allows one
to define:
Definition 2.2. The surface S is said to be a trapping surface if, and only if, its
expansion along null geodesics given by θ(k) and θ(l) obeys
θ(l) < 0 and θ(k) < 0. (2.19)
If θ(l) = 0 and θ(k) < 0 then S is said to be a marginally trapping surface.
It is worth emphasizing that the sign of θ(V ) says rather the surface is expanding
or contracting along the geodesics. The condition θ(l) < 0 and θ(k) < 0 means that
both outgoing and ingoing null geodesics converge toward the surface interior (see
Fig. 2.5). It is exactly the kind of behaviour expected by the "naive" definition of
black hole horizon. If the space-times is flat or the gravitational field is not strong
enough, it holds θ(l) > 0 and θ(k) < 0.
outgoing wavefront (l)
ingoing wavefront (k)
FIGURE 2.5: Propagation of null wafefronts emitted on the tick circle, inside a
trapping surface. Both, ingoing and outgoing wavefronts, converge to the surface
interior
2.1.3 General Properties
The existence of trapping surfaces implies that, under general conditions which we
shall describe below, the space-time contains a black hole. Before enunciating this
theorem we need some more results and definitions. The first one regards the weak
energy condition. As the Einstein theory of gravity is very unrestricted concerning
the accepted types of matter, some energy conditions were proposed in order to
avoid unphysical solutions coming from exotic matter fields.
Definition 2.3 (Weak energy condition). For every time-like vector field ~X , the mat-
ter density measured by observers in their respective frames is always non-negative
ρ = TabX
aXb ≥ 0.
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Other required result deals with singularities. Those odd predictions of general
relativity were extensively studied along the 60s and some results were established
[31].
Theorem 2.4 (Penrose). Assuming the weak energy condition, if S is a trapping surface
then the space-time contains a singularity.
In spite of being widely accepted the next result keeps the status of conjecture.
Conjecture 2.5 (Cosmic censorship). Naked singularities can not be formed by gravita-
tional collapses of initially non singular states in asymptotically plane space-times.
Here naked singularity means singularity without horizons covering it. Now
we can enunciate a result connecting singularities, black holes and trapping sur-
faces:
Theorem 2.6 (Hawking & Ellis). Assuming the cosmic censorship conjecture, if S is a
trapping surface then the space-time contains a black hole such that S ⊂ B.
The next results we are going to enunciate touch upon black hole uniqueness.
Those results highly restrict the possible types of black holes predicted by gen-
eral relativity. In fact, in asymptotically flat space-times the only possible black
hole solutions are the ones introduced in Sec. 2.1.1. The first result states that the
Schwarzschild solution is the only spherically symmetric solution of the vacuum
field equations. This result extends to the Einstein-Maxwell equations: the only
spherically symmetric solution to the Einstein-Maxwell is the Reissner-Nordström
metric. The next uniqueness result states that a stationary vacuum solution for a
black hole in the asymptotically flat space-time is characterized by two constants
M (mass) and J (angular momentum) and coincides with the Kerr metric. Again
the result extends to the Einstein-Maxwell equations and states that the only possi-
ble solution is the Kerr-Newman metric. The possible asymptotically flat solutions
are summarized in Figure 2.6.
Asymptotically Flat
Schwarzschild
Reissner-Nordström
Kerr
Kerr-Newman
Static
Stationary
Vacuum
Electrovacuum
Vacuum
Electrovacuum
FIGURE 2.6: Possible asymptotically flat black holes in GR.
The above black hole uniqueness results were followed by another very famous
theorem for black holes in GR, known as no hair theorem:
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Theorem 2.7 (No hair). Stationary, asymptotically plane black hole solutions coupled to
electromagnetic fields and non singular at the horizon are completely characterized by the
parameters: mass (M), electric charge (Q) and angular momentum (J).
Those remarkable uniqueness results of black holes in general relativity are in
general not preserved by theories beyond the Einstein’s theory of gravity. In this
work we are mainly interested in effective black hole solutions coming from gravity
in higher dimensions. Some solutions are presented in the Chapter 4 and applied
in the Chapters 5 and 6.
2.2 Black Hole Mechanics and Thermodynamics
Black hole thermodynamics was a topic intensively discussed among the general
relativity community all along the 70s and still is. It was motivated by an incom-
patibility between classical GR and thermodynamics, giving birth to one of the
main widely accepted features of gravity beyond GR, the so called Hawking radia-
tion. This section is devoted to introduce some consequences of the formal analogy
between thermodynamics and classical black hole mechanics. It paves the way fur-
ther discussions of BH physics beyond GR, particularly in the next chapter, where
we deal with a powerful extension of the Hawking’s original work.
Classically, black holes behave as perfect black bodies described by their mass
M , charge q and angular momentum J . Such scenario brings serious concerns re-
lated to the second law of thermodynamics, inasmuch as they do not have degrees
of freedom to define entropy and their temperature is zero. In addition, if black
holes do not have entropy, what would happen if one throws an entropic object
into the black hole? On the other hand, the laws that rules the mechanics of black
holes are formally analogous to the laws of thermodynamics. Such analogy mo-
tivated, after the work of Bekenstein [34] and Hawking [35], the field of research
called black hole thermodynamics [31, 36].
Now we shall introduce the laws of black hole mechanics. In order to enunciate
the zeroth law one has to first define Killing horizons and surface gravity. A Killing
horizon is a null surface defined by the region where the Killing vectors fields are
null vectors. Killing vector fileds are solutions of the Killing field equation∇µχν +
∇νχµ = 0, they are closely related to the isometries of the spacetime [31]. Any
event horizon Σ of asymptotically flat space-times is a Killing horizon for a given
Killing field χµ [31, 36]. Moreover,
• If the space-time is static, χµ shall be a killing field χµ = ξµ representing the
time translation symmetry;
• If the space-time is stationary but not static, χµ shall have axial symmetry,
being represented by a Killing field related to the rotational symmetry ψµ
and another one related to the time translation symmetry ξµ. In this case the
field χµ is in general represented by
χµ = ξµ + ΩHψ
µ, (2.20)
where ΩH is the angular velocity at the event horizon.
Consider a Killing horizon K, whose Killing normal field is denoted by χµ.
There exist a function κ on K, called surface gravity of K, defined by:
∇µ(χαχα) = −2κχµ (2.21)
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The surface gravity is a measure of the gravitational field strength on the event hori-
zon. The zeroth law of black hole mechanics, due to Bardeen, Carter and Hawking
is enunciated below [31, 36]:
Proposition 2.8 (Zeroth law). The surface gravity κ is constant along the the horizon of
stationary black holes.
The subsequent law follows from results enunciated in the previous sections.
The first one follows from the no hair theorem:
Proposition 2.9 (First law). For two stationary black holes differing only by small varia-
tions in the parameters M,J and Q, hold
δM =
1
8pi
κδA+ ΩHδJ + ΦδQ, (2.22)
whereA denotes the black hole area, J the angular momentum and Φ is the electric potential
at the horizon.
By assuming the cosmic censorship conjecture follows the second law of black
hole mechanics:
Proposition 2.10 (Second law). The horizon area never decreases
δA ≥ 0 (2.23)
In 1969 Roger Penrose proposed a mechanism according to which would be
possible to extract a limited amount of energy from the ergosphere of rotating black
holes (see Fig. 2.2). Such process reduces the black hole surface gravity. The final
result became the third law of black hole mechanics2
Proposition 2.11 (Third law). It is impossible by any procedure to reduce the surface
gravity κ to zero in a finite number of steps.
Collecting the above laws one can see the intriguing analogy between them and
the laws of thermodynamics, as shown in Table 2.1.
Law Thermodynamics Black hole mechanics
0th
T is constant throughout body in
thermal equilibrium
κ is constant over the horizon of
stationary black hole
1st δE = TδS+ work terms δM = 18piκδA+ ΩHδJ
2nd δS ≥ 0 δA ≥ 0
3rd
Impossible to achieve T = 0
by a physical process
Impossible to achieve κ = 0
by a physical process
TABLE 2.1: Correspondence between the laws of black hole mechanics and ther-
modynamics.
A main question at the time was: is this a mere formal analogy? Or there is
something deeper behind? Besides E and M represent the same physical quantity,
2 See Ref. [37] for a precise discussion about the third law and the consequences of its relationship
with thermodynamics.
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the black hole temperature, classically, is zero. Thus one can not straightforwardly
establish a consistent connection between T and κ. However, by using methods
of semi-classical gravity Hawking has shown that black holes do radiate, produc-
ing a thermal bath surround it whose temperature depends linearly of the surface
gravity κ. It means that T and κ, in fact, represent the same physical quantity.
Despite the Hawking’s result, there is still an issue to deal with – the black
hole entropy. Bekenstein came out with an attempt to make black hole physics
compatible with the second law of thermodynamics by defining the generalized
entropy S′, which is simply the regular entropy S + the black hole entropy SBH . His
solution was arguing that the generalized entropy, not the regular one, should be
taken into account in the second law [34, 38]. Regarding all the physical constants,
the generalized entropy is given by
S′ = S + SBH = S +
1
4
kB
c3A
G~
. (2.24)
In natural and Planck units the black hole entropy reads
SBH =
1
4
A
G
= m2p
A
4
=
1
4
A
l2p
. (2.25)
According to the generalized entropy, a decrease on the regular entropy (by falling
objects into the black hole) should be followed by an increment of the black hole
area. On the other hand, a decrease of the black hole area (by Hawking radiation
emission) should be followed by an increment of the entropy outside the black hole.
In any case should hold the generalized second law
δS′ ≥ 0. (2.26)
The pioneering results of Hawking and Bekenstein combined have given strong
evidences that black holes do behave as thermodynamical objects. However, there
still two question with no definitive answer in such interpretation. The first one re-
gards the microscopic description of entropy. The second, the so called information
paradox, deals with the possible non unitary evolution of radiating black holes as
proposed by Hawking. Some proposes have been appeared in the last decades for
both questions [39, 40] but there is no consensus for the final answer.
2.2.1 Hawking Radiation
Hawking radiation is a great achievement of semi-classical gravity. By semi-classical
one means classical field theory from the gravitational side and quantum field the-
ory from the matter side. The energy momentum-tensor is promoted to an operator
and its expectation value replaces the classical energy-momentum tensor. In this
approach the field equations read
Gµν = 8piG〈 Tˆµν 〉. (2.27)
From quantum field theory, the vacuum state is defined as a state without real
propagating particles. Notwithstanding, due to quantum fluctuations it is popu-
lated by particles that are constantly created and annihilated, called virtual parti-
cles. In the absence of external fields the vacuum state is stable, in the sense that
virtual particles do not exist enough time to become real. However, external fields
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can provide the necessary energy to turn virtual particles into real ones. This is the
principle in which the Hawking radiation is based on. Here the gravitational field
plays the role of the external field.
Consider the particle creation in a static space-time. Particles propagating out-
side the horizon have positive energy [27]. Hence in a long living pair creation one
of the particles must have negative energy and goes toward the black hole interior.
At the end the negative energy particle is absorbed by the black hole, which reduces
its mass, whereas the positive energy particle escapes to infinity and is visible by
distant observers [35]. That is the heuristic vision of the Hawking radiation, where
the vacuum fluctuation happens at the horizon neighbourhood.
Let us sketch the Hawking temperature derivation for the emission massless
spin-0 particles by Schwarszchild black holes. It is accomplished by using the Bo-
goliubov transformations [39], see Ref. [31] for a detailed derivation. Given a quan-
tum field φˆ, a solution basis for the field equations fω and the creation [annihilation]
operator aˆ†ω [aˆω]. Then
φˆ =
∑
ω
aˆωfω + aˆ
†
ωf
∗
ω, [aˆω, aˆ
†
ω′ ] = δω,ω′ , aˆω|0〉a = 0, Nˆaω = aˆ†ωaˆω, (2.28)
where |0〉a and Nˆaω denote the vacuum state and the number operator written on
the basis fω. The same might be done by adopting another bases hω
φˆ =
∑
ω
bˆωhω + bˆ
†
ωh
∗
ω, [bˆω, bˆ
†
ω′ ] = δω,ω′ , bˆω|0〉b = 0, Nˆ bω = bˆ†ω bˆω. (2.29)
The basis are interchangeable by applying the Bogoliubov transformations:
hω =
∑
ω′
αωω′fω′ + βωω′f
∗
ω′ , bˆω =
∑
ω′
αωω′∗ aˆω′ + β
∗
ωω′ aˆ
†
ω′ (2.30)
whose components, to preserve unitarity, are constrained by∑
ω′
(|αωω′ |2 − |βωω′ |2) = 1. (2.31)
Expressing the number operator on the basis hω and calculating its vacuum expec-
tation value on the basis fω one finds
a〈0|Nˆ bω|0〉a = a〈0|bˆ†ω bˆω|0〉a =
∑
ω′
|βωω′ |2. (2.32)
It means that the vacuum state is frame dependent.
By considering a star collapsing into the Schwarzschild black hole, Hawking
computed the Bogoliubov coefficients of an initial vacuum state outside the star
and a final vacuum state after the black hole formation. He showed that after the
process, the Bogoliubov transformation connecting observers should obey∑
ω′
|βωω′ |2 = 1
e8piMω − 1 . (2.33)
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Comparing the above result to the Plack distribution follows the Hawking temper-
ature
TH =
1
8piM
=
κ
2pi
. (2.34)
As we have seen, Hawking radiation plays an essential hole on black hole ther-
modynamics, however it is not restricted to this picture. Hawking radiation de-
termines, for example, the lifetime of primordial black holes and allows one to
calculate the range of such black holes expected to be survived up to the present
time [20]. In the next chapter we shall introduce a method for calculating the
Hawking temperature which agrees with the heuristic description discussed above
[41, 42, 43, 44, 45]. There, we are going to describe the method in details and apply
it to spin-0 and spin-1/2 particles.
2.3 Beyond General Relativity
The first thing we must do in this section is clarify what we mean by "beyond
general relativity". There are numerous ways to push forward the edges GR and
go beyond that. For example, there are many theories of modified gravity, as f(R),
scalar-tensor, Brans-Dicke, Gauss-Bonnet, Lovelock, among others. See Ref. [46]
for a recent review. Some of them were proposed in order to fix observational
issues not properly explained by GR, as dark matter and dark energy. As they
are extensions of GR one could argue that all of them are theories beyond GR.
However, in this work we do not deal with none those GR extensions. Actually, by
beyond GR we mainly mean effective extra-dimensional models and microscopic
black holes, both not incorporated by standard GR. What we mean by effective
extra-dimensional models and microscopic black holes will become clear soon.
Physics laws depend on the scale at which the phenomenon happens. Quan-
tum mechanics governs the physics of small lengths. Classical gravity, on the other
hand, governs the physics of massive objects. However, when a large amount
of mass is compressed in a very small region both theories have to be taken into
account. Such situation should be described by an unknown theory generically
called quantum gravity. Serious issues appear when one try to apply the stan-
dard quantum field theory tools to quantize gravity (see Ref. [31] for a general
discussion on the issues and proposals for quantizing gravity). It makes finding
the theory of quantum gravity the main unsolved problem of current theoretical
physics. There are two main candidates to occupy the place of such theory, namely
M-theory/string theory and loop quantum gravity. Even though both have been
developed for decades there is no complete theory of quantum gravity up to this
date. Moreover, the predictions of both theories are far from current experimental
capacity. The lack of experimental quantum gravity signal is a major obstacle for
further developments and turns the situation even more complicated.
Facing the foregoing situation some alternative approaches have emerged, em-
ploying effective theories to describe quantum gravity effects and looking for pos-
sible experimental signatures. Those effective theories and/or models deviate to
GR by implementing features predicted by quantum gravity proponents. Effec-
tive theories do not intend to be the final theory, but could enlighten the route and
give some hints on what expect from the full theory. Furthermore, the predictions
arise without employing the heavy machinery of string theory and loop quantum
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gravity. Effective extra dimensional models fit in the above description. We shall
introduce models of extra dimensions in the Chapter 4.
The borders separating gravity, quantum mechanics and quantum gravity are
somewhat fuzzy, nevertheless it can be enlightened by some considerations regard-
ing mass and length scales. One of the basic distinguished characteristics arose in
quantum mechanics is the uncertainty principle ∆x > }/∆p. Since the momentum
of particles of mass M is bounded by Mc, one cannot localize a particle of mass M
in scales smaller then }/Mc, which is the Compton wavelength λM of the particle.
R < λM might be regarded as the quantum mechanics domain, in the sense that the
classical physics breaks down there. A general assumption of GR is that if massive
spherically symmetric objects are smaller than its Schwarzschild radius, then it will
form a black hole (see Chapter 6). Hence the Schwarzschild radius r+ = 2GM/c2
defines the region under influence of general relativity. There are no stable classical
configurations here. The Compton and Schwarzschild boundaries intersect at the
Planck scales,
rp =
√
}G
c3
∼ 10−33cm and mp =
√
}c
G
∼ 10−5g. (2.35)
Quantum gravity effects are expect to be important below the Planck scale as well
as for densities higher than the Planck density
M
R3
>
mp
r3p
, (2.36)
which comes from curvature singularities associated to the big bang or the center
of black holes [47], resulting in
R <
(
M
mP
)1/3
rp. (2.37)
quantum mechanics
quantum gravity
general relativity
classical domain
Planck scale
Compton wavelength horizon radius
-5 log[M(g)]
log[R(cm)]
-33
FIGURE 2.7: (M,R) diagram showing different physics domains. In logo scale,
the mass correspondig to -5 (10−5 g) is the Planck mass and length equals to -33
(10−33 cm) is the Planck length.
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According to the above boundaries, the regions under domain of the different
theories can be qualitatively represented in the (M,R) diagram of Fig. 2.7. One
exiting expectation of effective extra dimensions is that in those models the clash of
quantum mechanics and gravity occur in scales closer to the current experimental
capacity. It could give signals of quantum gravity in the TeV region by producing
small black holes in high energy collisions of particles. We shall discuss such pos-
sibility in the subsequent section and how extra dimensional models might lower
the fundamental scale is discussed in Chapter 4.
2.3.1 Why Black Holes?
Black holes are interesting by themselves because of their many unexpected fea-
tures. However, those objects are even more interesting when one searches for
hints on what happens in the previously described scenario, namely when grav-
ity meets quantum mechanics. Black holes have properties that one expects to be
satisfactorily explained only by a full quantum gravity theory, as singularities and
microscopic entropy. Hence they are excellent candidates to test the limits of GR
and alternative theories. In the Chapter 5 we use the deflection of light by strong
gravitational fields to compare observable parameters of black holes beyond GR
to the ones for the Schwarzschild solution. Unfortunately, the current precision of
astronomical observations is not good enough to rule out alternative theories yet,
but it might be possible soon. Another possibility, as anticipated in the previous
section, is the black hole formation in particle colliders. Such collisions would form
black holes of two types, semi-classical or quantum gravity black holes. In the for-
mer case they would evaporate via Hawking radiation of various particles until it
vanish or preserve remnants with the mass of order of the Planck scale. The ter-
minal stage of BH evaporation is not known. Since black holes at colliders might
be tiny and the Hawking radiation is inversely proportional to the black hole mass,
the temperature should be very hot and therefore the evaporation would happen
very fast.
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Chapter 3
ELKO DARK SPINORS EMISSION THROUGH
HAWKING RADIATION
In spite of its relevance on semi-classical gravity and beyond, it took almost 20
years to have an approach for calculating the Hawking radiation, which encapsu-
lates the original heuristic view proposed by Hawking himself [35]. As discussed
in the previous chapter, the Hawking radiation regards vacuum fluctuations at the
horizon neighbourhood, whose virtual particles eventually become real ones. This
approach is called tunnelling method [41]. The latter name comes from the de-
scription of the phenomenon by considering classically forbidden trajectories. The
method has been recently calling the attention, due to its computational simplic-
ity and versatility, being applied to different types of black holes, including non
asymptotically flat, extra dimensional and string theory inspired solutions [43].
The tunnelling method was extended to encompass fermions emission, dynami-
cal black holes and placed at solid foundation by Kerner [45] and Acquaviva [48],
respectively.
In this chapter, we are going to apply the tunnelling method to calculate the
Hawking radiation associated to a fermion beyond the standard model, emitted
by an exact classical solution in the low energy effective field theory describing
heterotic string theory: the Kerr-Sen dilaton-axion black holes [49]. The solution
presents charge, magnetic dipole moment, and angular momentum, involving the
antisymmetric tensor field coupled to the Chern-Simons 3-form. A myriad of black
hole solutions beyond general relativity, including the Kerr-Sen dilaton-axion it-
self, has been considered for tunnelling methods of fermions and bosons, as ro-
tating and accelerating black holes, topological, BTZ, Reissner-Nordström, Kerr-
Newman, and Taub-NUT-AdS black holes, including also the tunnelling of higher
spin fermions as well [50]. We shall study a similar method for a spin-1/2 fermion
of mass dimension one. This fermion is described by Elko dark spinors, or simply
Elko, which is an acronym for the German expression Eigenspinoren des LadungsKon-
jugationsOperators, meaning eigenspinor of the charge conjugator operator. It was
proposed as a candidate to describe dark matter [51].
This chapter is presented as follows: the Hamilton-Jacobi method – which is the
current main approach for the tunneling method – will be introduced in the next
section. We start by discussing the method for bosons and how to extend it for
fermions. The Hamilton-Jacobi method applies the WKB approximation to com-
pute the tunnelling rate and its resulting tunnelling probability. In the subsequent
section, we briefly revisit the Kerr-Sen dilaton-axion black hole. It will be followed
by a section regarding the dark spinors framework. We thus shall calculate in Sec-
tion 3.4 the probabilities of emission and absorption of Elko dark particles across
these black holes. Finally, the associated Hawking temperature shall be obtained,
corroborating the universal character of the Hawking effect and further extending
it to particles beyond the standard model. We published the results of the last sec-
tion in the reference [3].
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3.1 The Hamilton-Jacobi Method
Black hole tunnelling procedures have been placed as prominent methods to calcu-
late the Hawking temperature [52, 42, 44, 53, 54, 55, 56, 43]. Various types of black
holes have been investigated in the context of tunnelling of fermions and bosons
as well [52, 43, 42, 57]. Tunnelling procedures rely on classically forbidden paths
that particles go through, from the inside to the outside of the horizon. The first
approach for the tunnelling method is known as the null geodesic method. Besides
its great achievements [52, 42], there were some issues to be adressed [43]. For ex-
ample, the fact that it strongly relies on a very specific choice of coordinates. Com-
plementarily to the first results, the Hamilton-Jacobi method was employed [44]
and further generalized, by applying the WKB approximation to the Dirac equa-
tion [57] and by providing Hawking radiation due to dark spinors for black strings
[58]. Mass dimension 3/2 fermions tunnelling has been studied in the charged dila-
tonic black hole, rotating Einstein-Maxwell-Dilaton-Axion black hole and rotating
Kaluza-Klein black hole likewise [59]. Ref. [43] is a clear and comprehensive review
of the field.
The Hamilton-Jacobi is based upon the particle description of Hawking radia-
tion, under the assumption that the emitted particle action does satisfy the relativis-
tic Hamilton–Jacobi equation. This method applies to any well-behaved coordinate
system across the horizon. As mentioned, the tunnelling method relies on allow-
ing particles to travel along classically forbidden trajectories, from just behind the
horizon onward to infinity. As an indication of the classically forbidden trajectory,
the classical action becomes complex. The imaginary part encloses the emission
rate of the black hole. Inasmuch as the forbidden motion happens at the horizon
crossing, the contribution to the rate emission should comes only from an infinites-
imal part of the whole trajectory, nearby the horizon. It suggests the natural choice
of performing near horizon approximations. Finally, divergences appearing on the
imaginary action are regularized according to Feynman’s i−prescription.
Since a black hole has a well-defined temperature, in principle it should radi-
ate not only spin-0 particles. Besides being a plausible argument, the result is not
trivial. It is achieved by an extension of the Hamilton-Jacobi method in Kerner’s
seminal work [57, 45]. When spin-1/2 fermions are taken into account, the basic
assumption is that the effect of the spin of each type of fermion cancels out, due to
particles emission with the spin in opposite directions. Hence, the change in the
black hole angular momentum is completely negligible in tunnelling processes.
3.1.1 Bosonic Emission
The Hamilton-Jacobi method for calculation the Hawking temperature of spin-0
particles can be summarized in a sequence of steps, as following [43]:
1. Assume that at the region of interest (nearby the horizon), the particle dy-
namics is described by the relativistic Hamilton-Jacobi equation,
gµν∂µI∂νI +m
2 = 0 (3.1)
wherem2 is the invariant mass and I is the classical action. Alternatively, one
can apply the WKB approximation to the Klein-Gordon equation. The leading
order gives the above equation. In fact, by applying the WKB approximation,
the spin-0 field can be expressed as φ = exp[ i}I+O(}
0)]. Substituting it in the
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field equation gµν∂µ∂νφ− m2}2 φ = 0 results
− [gµν∂µI∂νI +m2]+O(}) = 0;
2. Reconstruct the action I by using the problem symmetries and its partial
derivatives ∂µI by means of
I =
∫
∂µIdx
µ. (3.2)
The integration is taken along an oriented null path with at least one point on
the horizon;
3. Take only the piece of the trajectory around the horizon crossing, where the
action becomes complex;
4. Perform a near horizon approximation on Eq. (3.2) and regularize the diver-
gences by using the Feynman’s i−prescription;
5. At the end, the imaginary part of the action reads
ImI =
piω
κ
, (3.3)
where ω is the particle energy and κ is the black hole surface gravity;
6. The WKB approximation predicts the tunnelling probability rate Γ as
Γ =
Γemission
Γabsorption
∼ e−4ImI . (3.4)
On the other hand, from statistical mechanics, the probability of finding (tun-
nelling rate), chosen at random from the ensemble, a particle of energy ω
should be equals to the Boltzmann factor e−ω/T , following
T =
κ
2pi
. (3.5)
The Hamilton-Jacobi method, comparing to the standard derivations of the
Hawking equation, is fairly simple and straightforward. As an illustrative example,
let us calculate the well known result of the Schwarzschild Hawking temperature.
We mentioned that the space-time metric must be regular on the horizon, thus the
Schwarzschild metric is not suitable for the bosonic tunneling method. For that rea-
son, we are going to use the Painlevé-Gullstrand metric, briefly introduced in Sec.
2.1.1. The Painlevé-Gullstrand coordinates are derived from the Schwarzschild co-
ordinates by means of a new coordinate tp defined as
t = tp − h(r) (3.6)
where h(r) is a function to be determined. The above transformation results
dt2 = dt2p − 2h′(r)dtpdr + h′(r)2dr2. (3.7)
24 Chapter 3. Elko Dark Spinors Emission Through Hawking Radiation
Written in the new coordinates the Schwarzschild metric is given by
ds2 =−
(
1− r+
r
)
dt2p + 2h
′(r)
(
1− r+
r
)
dtpdr +
[
1
1− r+r
−
(
1− r+
r
)
h′(r)2
]
dr2+
+ r2
(
dθ2 + sin2 θdφ2
)
, (3.8)
where r+ denotes the horizon radius. Now the function h′(r) is chosen in order to
have grr = 1, giving
h′(r) =
√
r+r
r − r+ , (3.9)
and
h(r) =
∫ √
r+r
r − r+ dr = 2
√
r+r − r+ ln
(√
r +
√
r+√
r −√r+
)
. (3.10)
Hence, by substituting Eq. (3.9) into Eq. (3.8), the Schwarzschild solution in Painlevé-
Gullstrand coordinates yields
ds2 = −
(
1− r+
r
)
dt2p + 2
√
r+
r
dtpdr + dr
2 + r2
(
dθ2 + sin θdφ2
)
. (3.11)
The Hamilton-Jacobi equation, adopting the Painlevé-Gullstrand metric, reads
− (∂tpI)2 + 2√r+r ∂tpI∂rI + (1− r+r ) (∂rI)2 +m2 = 0. (3.12)
Being time independent, the space-time has a Killing vector associated to the par-
ticle energy by ω = −∂tpI , hence
−ω2 − 2
√
r+
r
ω∂rI +
(
1− r+
r
)
(∂rI)
2 +m2 = 0. (3.13)
Consequently,
∂rI =
√
r+r
r − r+ω ±
r
r − r+
√
ω2 −m2
(
1− r+
r
)
, (3.14)
where the sign −[+] represents the particle going inward [outward] the horizon.
On the other hand, constrained to null radial motion, from Eq. (3.11) one has
0 = −
(
1− r+
r
)
dt2p + 2
√
r+
r
dtpdr + dr
2. (3.15)
Close to the horizon, by means of using r ∼ r+, one finds
dtp = −1
2
dr. (3.16)
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Taking that into account, the reconstruction of the imaginary part of the action fol-
lows,
ImI± = Im
∫
∂µIdx
µ (3.17)
= Im
∫
∂rIdr + ∂tpIdtp (3.18)
= Im
∫
dr
(
∂rI +
ω
2
)
(3.19)
= Im
∫
dr∂rI (3.20)
= ±Im
[∫
dr
r
r − r+
√
ω2 −m2
(
1− r+
r
)]
. (3.21)
By using the horizon approximation r ∼ r+ and regularizing the divergence ac-
cording to the Feynman prescription one finds,
ImI± = ±Im
∫
ωr
r − r+ − i (3.22)
= ±pir+ω (3.23)
= ±2piMω. (3.24)
The resulting tunnelling rate is
Γ =
Γ+
Γ−
=
e−2ImI+
e−2ImI−
= e−8piMω (3.25)
and the Boltzmann factor finally gives the Hawking temperature
TH =
1
8piM
=
κ
2pi
. (3.26)
3.1.2 Fermionic Emission
Despite the remarkable results of the Hamilton-Jacobi method for spin-0 particles,
in this chapter, we are interested on spin-1/2 fermions emission. Those particles
are expected to be emitted as Hawking radiation due to the fact, as mentioned
earlier, that black holes are surrounded by a thermal bath of finite temperature,
from where all sort of particles could emerge [60, 61, 57]. One key point of the
Hamilton-Jacobi method is the use of the classical action. For fermions, the Dirac
equation for curved space-times replaces the Hamilton-Jacobi equation, which is
the natural choice given that the Dirac equation is the proper dynamical equation
for fermions. In addition, it should be noticed that the action for spinning particles
If has the form [62, 43]
If = I + (spin corrections), (3.27)
where I denotes the kinetic term, as the classical action of the previous section. The
spin corrections come from the coupling of the spin with the manifold spin connec-
tion. Given that the expectation of finding particles with a determined spin or its
opposite is statistically equivalent, the emission of such particles should not sub-
stantially change the black hole angular momentum. That is the starting point of
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the approach proposed by Kerner [45]. The next step is to apply the WKB approxi-
mation and find the imaginary part of the classical action, which again encodes the
Hawking temperature.
The procedure for the fermionic case can be summarized as follows:
1. Use the metric components to find the curved space-time version of the Dirac
equation, at first keeping };
2. Choose a spin up or spin down spinor and apply the WKB approximation.
The spin up, for example, results
Ψ↑(t, r, θ, φ) =

A(t, r, θ, φ)
0
B(t, r, θ, φ)
0
 exp [ i}I↑(t, r, θ, φ)
]
; (3.28)
3. Substitute the above spinor in the Dirac equation and find the imaginary, ra-
dial part;
4. Analogously to the spin-0 case, the imaginary part encodes the tunnelling
probability which, by setting it equals to the Boltzmann factor gives the tem-
perature.
Once again, as a matter of clarification, we are going to calculate the Hawk-
ing temperature associated to Dirac fermions. Now adopting a general spherically
symmetric space-time, using the Painlevé-Gullstrand coordinates. A general spher-
ically symmetric metric is expressed as
dr2 = −f(r)dt2 + 1
g(r)
dr2 + r2dΩ2, (3.29)
where dΩ2 = dθ2 + sin2 θdφ2. Analogously to the Schwarzschild case, the Painlevé-
Gullstrand metric for such space-time is obtained defining the coordinate tp as t =
tp − h(r). It gives
ds2 =− f(r)dt2p + 2f(r)h′(r)dtpdr +
[
1
g(r)
− f(r)h′(r)2
]
dr2 + r2dΩ2. (3.30)
Again the function h′(r) is chosen in order to have grr = 1, following
h′(r) =
√
1− g(r)
f(r)g(r)
. (3.31)
Hence, the metric (3.29) in Painlevé-Gullstrand coordinates reads
ds2 =− f(r)dt2p + 2
√
f(r)[1− g(r)]
g(r)
dtpdr + dr
2 + r2dΩ2. (3.32)
That is the metric we are going to use in this section.
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Going to the first step of the fermionic derivation of Hawking temperature, the
curved space-time version of the Dirac equation is given by
( i}γaeµaDµ +m ) Ψ↑(t, r, θ, φ) = 0, (3.33)
where
Dµ = ∂µ +
i
2
Γαβµ Σαβ, (3.34)
with Σαβ = i4
[
γα, γβ
]
. The matrices γσ are the usual Clifford algebra generators
for the Minkowski space-time and eµa are the vierbein fields
gµν = eµae
ν
bη
ab. (3.35)
Here, lowercase latin indexes denote the vierbein flat space index, whereas Greek
indexes are the curved space-time indexes. To avoid confusion, when we make
explicitly use of the vierbein components, we are going label them as the space-
time coordinates (t, r, θ, φ) for curved space-time and numbers for the flat one.
Before proceeding, notice that by applying the operator }Dµ to Ψ↑ most of the
resulting terms are higher order in }. In fact,
}DµΨ↑(t, r, θ, φ) = }

∂µA
0
∂µB
0
 e i} I↑ + i∂µI↑Ψ↑ − }8Γαβµ [γα, γβ] Ψ↑ (3.36)
= i∂µI↑Ψ↑ +O(}). (3.37)
Accordingly, we have to consider only the action derivative term. Now we can
setup } = 1.
The vierbein fields of the general spherically symmetric Painlevé-Gullstrand
metric, required to find γaeµa, are given by
etp0 =
1√
f(r)
, etp1 =
1√
f(r)[1− g(r)] , (3.38)
er1 =
1√
g(r)
, eθ2 =
1
r
, eφ3 =
1
r sin θ
. (3.39)
Hence, the γσ matrices are chosen accordingly
etp0γ
0 + etp1γ
1 =
1√
f(r)
(
0 I2
−I2 0
)
+
1√
f(r)[1− g(r)]
(
0 σ3
σ3 0
)
, (3.40)
er1γ
1 =
1√
g(r)
(
0 σ3
σ3 0
)
, eθ2γ
2 =
1
r
(
0 σ1
σ1 0
)
, (3.41)
eφ3γ
3 =
1
r sin θ
(
0 σ2
−σ2 0
)
. (3.42)
Substituting Eqs. (3.40), (3.41) and (3.42) into Eq. (3.33) one finds – by taking into
account the leading order of Eq. (3.37) – the system of equations
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−B
(
1√
f(r)
(1 +
√
1− g(r))∂tI↑ +
√
g(r)∂rI↑
)
+mA = 0, (3.43)
A
(
1√
f(r)
(1−
√
1− g(r))∂tI↑ −
√
g(r)∂rI↑
)
+mB = 0, (3.44)
−B
r
(
∂θI↑ +
i
sin θ
∂ϕI↑
)
= 0, (3.45)
−A
r
(
∂θI↑ +
i
sin θ
∂ϕI↑
)
= 0. (3.46)
The spherical symmetry of the space-time motivates the ansatz
I↑ = −ωt+W (r) + J(θ, φ). (3.47)
Replacing it in the above system results
B
(
ω√
f(r)
(1 +
√
1− g(r))−
√
g(r)W ′(r)
)
+mA = 0, (3.48)
−A
(
ω√
f(r)
(1−
√
1− g(r)) +
√
g(r)W ′(r)
)
+mB = 0, (3.49)
−B
r
(
∂θJ(θ, φ) +
i
sin θ
∂ϕJ(θ, φ)
)
= 0, (3.50)
−A
r
(
∂θJ(θ, φ) +
i
sin θ
∂ϕJ(θ, φ)
)
= 0. (3.51)
We can discard the angular equations as they do not contribute to the motion across
the horizon. Alternatively, note that Eqs. (3.50) and (3.51) are the same, regardless
of A and B. It means that the inward and outward equations are the same. Con-
sequently, the contribution from J(θ, φ) cancels out upon dividing the outcoming
probability by the incoming probability, as in Eq. (3.4) [57]. The remaining equa-
tions can be written as
Ξ
(
A
B
)
=
(
0
0
)
, (3.52)
where
Ξ =
 m ω√f(r)(1 +√1− g(r))−√g(r)W ′(r)
− ω√
f(r)
(1−√1− g(r))−√g(r)W ′(r) m
 .
It has non-trivial solution if
det Ξ =
ω2
f(r)
g(r)− g(r)W ′(r)2 + 2ωW ′(r)
√
g(r)
f(r)
√
1− g(r) +m2 = 0. (3.53)
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Solving the above quadratic equation results
W ′±(r) = ω
√
1− g(r)
f(r)g(r)
±
√
ω2 +m2f(r)√
f(r)g(r)
, (3.54)
where W+[W−] corresponds to outward [inward] solution. Remembering that the
overall tunnelling probability is
Γ =
Γ+
Γ−
=
e−2ImI+
e−2ImI−
= e−2Im(I+−I−), (3.55)
in the present case we have
Γ =
e−2ImW+
e−2ImW−
= e−2Im(W+−W−). (3.56)
Hence we have to calculate only the difference
W (r) ≡W+(r)−W−(r) =2
∫ √
ω2 +m2f(r)√
f(r)g(r)
=2
∫
ω√
f(r)g(r)
√
1 +
m2
ω2
f(r). (3.57)
The functions f(r) and g(r) have both a first order zero on the horizon [63]. As that
is the point of interest for us, we perform a Taylor expansion of f(r) and g(r) at the
horizon neighbourhood,
f(r) =f ′(r+)(r − r+) +O(r2) (3.58)
g(r) =g′(r+)(r − r+) +O(r2), (3.59)
thus √
f(r)g(r) ≈
√
f ′(r+)g′(r+)(r − r+). (3.60)
Near the horizon, as f(r) → 0, the term with m on the equation (3.57) should
vanish. Taking it into account and substituting Eq. (3.60) on Eq. (3.57) follows the
imaginary part of the action
W (r) =
2ω√
f ′(r+)g′(r+)
∫
1
(r − r+) = i
2ωpi√
f ′(r+)g′(r+)
. (3.61)
It yields
2Im(I+ − I−) = 4ωpi√
f ′(r+)g′(r+)
. (3.62)
Finally, from 2Im(I+ − I−) = ω/T , the Hawking temperature is acquired:
TH =
√
f ′(r+)g′(r+)
4pi
. (3.63)
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It is worth mentioning that we can turn back to the Schwarzschild case taking
f ′(r+) = g′(r+) =
1
r+
, (3.64)
which gives the right temperature we got on Eq.(3.26)
TH =
1
4pir+
=
1
8piM
. (3.65)
In the next section, we are going to introduce a different black hole solution,
coming the effective string theory, whose metric will be used for calculating the
Hawking radiation associated with the Dirac spinors as well as the class of spinors
discussed in Section 3.3.
3.2 The Kerr-Sen Dilaton-Axion Black Hole
The Kerr-Sen dilaton-axion black hole is a solution of effective field equations com-
ing from string theory found as a deviation from the Kerr solution [49]. In this
section, we are going to briefly introduce such solution in order to apply it in Sec-
tion 3.4. The low energy effective action of the heterotic string theory is ruled by an
action that, up to higher derivative terms and other fields which are set to zero for
the particular class of backgrounds considered [49], is given
S = −
∫
d4x
√−detGe−Φ
(
−R+ 1
12
HµνρH
µνρ −Gµν∂µΦ∂νΦ + 1
8
FµνF
µν
)
,(3.66)
where Gµν is a metric related to the Einstein metric by e−ΦGµν . Here Φ denotes
the dilaton field, R stands for the scalar curvature, Fµν = ∂[µAν] is the Maxwell
field strength, Hµνρ = ∂µBνρ + ∂ρBµν + ∂νBρµ − Ωµνρ and Ωµνρ − 14A(µFνρ) is the
Chern-Simons 3-form .
The Kerr-Sen dilaton-axion black hole metric is a solution of the field equations
derived from (3.66). In Boyer-Lindquist coordinates it reads:
ds2 =− ∆− a
2 sin2 θ
Σ
dt2 +
Σ
∆
dr2 + Σdθ2 +
sin2 θ
Σ
[(
r2 − 2βr + a2)2 −∆a2 sin2 θ] dφ2+
− 2a sin
2 θ
Σ
[
(r2 − 2βr + a2)−∆)] dtdφ (3.67)
where
Σ = r2 − 2βr + a2 cos2 θ, ∆ = r2 − 2ηr + a2 = (r − r+)(r − r−), β = η sinh2 α
2
(3.68)
and r+[r−] denote the outer [inner] horizons.
The metric (3.67) describes a black hole solution with charge Q, mass M , mag-
netic dipole moment µ and angular momentum J , given respectively by
Q =
η√
2
sinhα, M =
η
2
(1 + coshα), (3.69)
µ =
1√
2
ηa sinhα , J =
ηa
2
(1 + coshα) . (3.70)
When the charge Q vanishes, or equivalently, when the parameter α vanishes,
the Kerr-Sen dilaton-axion solution reduces to the Kerr solution. Moreover, the
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parameters can be expressed in terms of genuinely physical quantities as
η = M − Q
2
2M
, α = arcsinh
(
2
√
2QM
2M2 −Q2
)
, a =
J
M
.
The coordinate singularities read r± = M − Q22M ±
√
− J2
M2
+
(
M − Q22M
)2
which
vanishes unless |J | < M2 − Q22 .
By performing the transformation φ = ϕ−Ωt, where Ω = a(a
2−2βr+a2−∆)
(r2−2βr+a2)2−∆a2 sin2 θ ,
the metric (3.67) takes the form
ds2 =− ∆Σ
(r2−2βr−a2)2−∆a2 sin2 θdt
2+
Σ
∆
dr2+Σdθ2+ (3.71)
+
sin2 θ
Σ
[(
r2−2βr−a2)2−∆a2 sin2 θ] dϕ2 . (3.72)
To study the Hawking radiation at the event horizon, the near-horizon approxima-
tion is performed on the metric coefficients [64]. It gives
ds2 = −F (r+)dt2 + 1
G(r+)
dr2 + Σ(r+)dθ
2 +
H(r+)
Σ(r+)
dϕ2 (3.73)
where
H(r+) = sin
2 θ
(
r2+ − 2βr+ + a2
)2
, F (r+) =
2(r+ − η)(r − r+)Σ(r+)(
r2+ − 2βr+ + a2
)2 (3.74)
G(r+) =
2(r+ − η)(r − r+)
Σ(r+)
, Σ(r+) = Σ(r = r+) . (3.75)
3.3 Elko Dark Spinors
Elko dark spinors are dual-helicity eigenspinors of the charge conjugation opera-
tor [51, 65]. Furthermore, they are spin-1/2 fermions of mass dimension one, with
novel features that make them capable to incorporate both the Very Special Relativ-
ity (VSR) paradigm and the dark matter description as well [51, 66, 7, 9, 67, 68, 69,
70, 71]. Due to its very small coupling with the standard model fields, excluding the
Higgs field, dark spinors are self-interacting dark matter candidates [51]. In fact,
the Lagrangian of such field contains a quartic self interaction term and the interac-
tion term of the new field with spin-zero bosonic fields. Elko is a representative of
the type-5 spinor field class in Lounesto’s spinors classification [72, 73]. However,
is not the most general in the type-5 class, as shown in [9]. Some attempts to de-
tect Elko at the LHC have been proposed, and important applications to cosmology
have been widely investigated as well [58, 51, 66, 74, 75, 76].
In order to analyze the tunnelling of Elko dark particles across the Kerr-Sen
black hole event horizon, we will study the role that Elko dark particles play in this
background. The essential prominent Elko particles features are in short revisited
[51]. Elko dark spinors λ(pµ) are eigenspinors of the charge conjugation operator
C, namely, Cλ(pµ) = ±λ(pµ). The plus [minus] sign regards self-conjugate, [anti
self-conjugate] spinors , denoted by λS(pµ) [λA(pµ)]. For rest spinors λ(kµ) the
boosted spinors read λ(pµ) = eiκ·ϕλ(kµ), where kµ = (m, limp→0 p/|p|) and eiκ·ϕ
denotes the boost operator. The φ(kµ) are defined to be eigenspinors of the helicity
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operator, as σ · pˆφ±(kµ) = ±φ±(kµ), where [51]
φ+(kµ) =
√
m
(
cos
(
θ
2
)
e−iϕ/2
sin
(
θ
2
)
e+iϕ/2
)
≡
(
α
β
)
, (3.76)
φ−(kµ) =
√
m
( − sin ( θ2) e−iϕ/2
cos
(
θ
2
)
e+iϕ/2
)
=
( −β∗
α∗
)
, (3.77)
α, β : R1,3 → C are scalar fields. The spinors λ(kµ) are constructed as
λS±(k
µ) =
(
σ2 (φ
±(kµ))∗
φ±(kµ)
)
, λA±(k
µ) = ±
( −σ2 (φ∓(kµ))∗
φ∓(kµ)
)
, (3.78)
and have dual helicity, as −iσ2(φ±)∗ has helicity dual to that of φ±. The boosted
terms
λA±(p
µ) =
√
E +m
2m
(
1± p
µ
E +m
)
λA±, (3.79)
λS±(p
µ) =
√
E +m
2m
(
1∓ p
µ
E +m
)
λS±, (3.80)
are the expansion coefficients of a mass dimension one quantum field. The Dirac
operator does not annihilate the λ(pµ), but instead the equations of motion read
[51, 65]:
γµ∂µλ
S
± = ±i
m
}
λS∓ (3.81)
γµ∂µλ
A
∓ = ±i
m
}
λA± (3.82)
A mass dimension one quantum field can be thus constructed as [65]
f(x) =
∫
d3p
(2pi)3
1√
2mE(p)
∑
ρ
[
b†ρ(p)λ
A(p)eipµx
µ
+ aρ(p)λ
S(p)e−ipµx
µ
]
. (3.83)
The creation and annihilation operators aρ(p), a
†
ρ(p) satisfy the Fermi statistics [65],
with similar anticommutators for bρ(p) and b
†
ρ(p).
3.4 Tunneling From Kerr-Sen Dilaton-Axion
Following the procedure for calculating the Hawking temperature associated to
fermions emission, as introduced in the Section 3.1.2, we are now able to calculate
the temperature of the Kerr-Sen dilaton-axion black hole. Before performing the
calculations for Elko dark spinors, which is fairly more subtle, we are going to
calculate the temperature from Dirac spinors emission. The results can then be
compared at the end of the Section 3.4.2, when we finally find the temperature of
Elko emission by Kerr-Sen dilaton-axion black holes.
3.4.1 Dirac Spinors
One starts by listing the vierbein associated to Eq. (3.71)1
1As there are no off diagonal terms, we are representing the vierbein by a single index.
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et =
1√
F (r+)
, er =
√
G(r+) , (3.84)
eθ =
1√
Σ(r+)
, eϕ =
√
Σ(r+)
H(r+)
. (3.85)
Contracting with the chosen γσ matrices yields
etγ0 =
1√
F (r+)
(
iI2 0
0 −iI2
)
, eθγ2 =
1√
Σ(r+)
(
0 σ1
σ1 0
)
, (3.86)
erγ3 =
√
G(r+)
(
0 σ3
σ3 0
)
, eϕγ2 =
√
Σ(r+)
H(r+)
(
0 σ2
σ2 0
)
. (3.87)
The leading order of the Dirac equation, as in Eq. (3.37), gives the equations
−
(
B
√
G(r+)∂rI +
iA√
F (r+)
∂tI
)
+mA = 0, (3.88)(
iB√
F (r+)
∂tI −A
√
G(r+)∂rI
)
+mB = 0, (3.89)
−B
(
1√
Σ(r+)
∂θI + i
√
Σ(r+)
H(r+)
∂ϕI
)
= 0, (3.90)
−A
(
1√
Σ(r+)
∂θI + i
√
Σ(r+)
H(r+)
∂ϕI
)
= 0. (3.91)
We apply the ansatz I(t, r, θ, ϕ) = −(ω−Ω)t+W (r)+Φ(ϕ)+Θ(θ) and disregard
the angular terms, following2
−
(
B
√
G(r+)W
′(r)− iA√
F (r+)
(ω − Ω)
)
+mA = 0, (3.92)
−
(
iB√
F (r+)
(ω − Ω) +A
√
G(r+)W
′(r)
)
+mB = 0. (3.93)
The above equations can be written as i ω−Ω√F (r+) +m −√G(r+)W ′(r)
−√G(r+)W ′(r) −i ω−Ω√
F (r+)
+m
(A
B
)
=
(
0
0
)
, (3.94)
which has non-trivial solution only if
det
 i ω−Ω√F (r+) +m −√G(r+)W ′(r)
−√G(r+)W ′(r) −i ω−Ω√
F (r+)
+m
 = (ω − Ω)2
F (r+)
+m2 −G(r+)W ′(r)2 = 0.
(3.95)
2Here Ω denotes the particle angular velocity.
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Hence it follows
W±(r) =±
∫ √
(ω − Ω)2 − F (r+)m2
F (r+)G(r+)
dr. (3.96)
For a vanishing mass term one finds
W (r)± =±
∫ √
(ω − Ω)2
F (r+)G(r+)
dr, (3.97)
=±
∫
ω − Ω√[
2(r+−η)(r−r+)Σ(r+)
(r2+−2βr++a2)
2
] [
2(r+−η)(r−r+)
Σ(r+)
]dr, (3.98)
=± r
2
+ − 2βr+ + a2
2(r+ − η) (ω − Ω)
∫
1
r − r+ dr. (3.99)
(3.100)
Accordingly
W (r)± = ±ipi r
2
+ − 2βr+ + a2
2(r+ + η)
(ω − Ω) , (3.101)
with the imaginary part
Im I± = ±pir
2
+ − 2βr+ + a2
2(r+ + η)
(ω − Ω) . (3.102)
Thus, the resulting tunnelling probability is given by
Γ =
Γ+
Γ−
=
e−2ImI+
e−2ImI−
= e−2(ImI+−ImI−) , (3.103)
and
−2(ImI+ − ImI−) = −2pir
2
+ − 2βr+ + a2
(r+ + η)
(ω − Ω) . (3.104)
Finally, the Hawking temperature of the Kerr-Sen dilaton-axion black hole is ob-
tained
TH =
1
2pi
(r+ + η)
r2+ − 2βr+ + a2
. (3.105)
This result was obtained by Chen and Zu in the reference [64].
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3.4.2 Elko Dark Spinors3
Just like in the previous section, the vierbein associated to the metric (3.71) are
et =
1√
F (r+)
, er =
√
G(r+) ,
eθ =
1√
Σ(r+)
, eϕ =
√
Σ(r+)
H(r+)
.
Elko dark spinors are better described using the Weyl representation of the γ ma-
trices, it yields to the algebra generators
γt = etγ0 =
1√
F (r+)
(
0 I2
I2 0
)
, γθ = eθγ2 =
1√
Σ(r+)
(
0 σ2
σ2 0
)
, (3.106)
γr = erγ1 =
√
G(r+)
(
0 σ1
σ1 0
)
, γϕ = eϕγ3 =
√
Σ(r+)
H(r+)
(
0 σ3
σ3 0
)
. (3.107)
Elko dark spinors can be written as
λS+ =

−iβ∗
iα∗
α
β
 exp( i~ I˜
)
, λS− =

−iα
−iβ
−β∗
α∗
 exp( i~ I˜
)
, (3.108)
λA+ =

iα
iβ
−β∗
α∗
 exp( i~ I˜
)
, λA− =

−iβ∗
iα∗
−α
−β
 exp( i~ I˜
)
, (3.109)
where I˜ = I˜(t, r, θ, z) represents the classical action. We will use the above forms
in each one of the Eqs. (3.81-4.7), and then solve this coupled system of equations.
By identifying λ [˚λ] to the Elko spinor on the left [right] hand side of Eqs. (3.81)
and (4.7), then those equations read γµDµλ = im} λ˚. Using the WKB approximation,
where I˜ = I +O(}), it yields
γµDµλ =i
m
}
λ˚ (3.110)
γµ
(
∂µ +
i
2
Γαβµ Σαβ
)
λ =i
m
}
λ˚ (3.111)
γµ
(
∂µI˜
}
+
i
2
Γαβµ Σαβ
)
λ =i
m
}
λ˚ (3.112)
γµ
(
∂µI˜ + }
i
2
Γαβµ Σαβ
)
λ =imλ˚ (3.113)
γµ∂µIλ =imλ˚+O(}) . (3.114)
Taking merely the leading order terms in the above equation, from a general form
λ = (a, b, c, d)ᵀ, λ˚ = (˚a, b˚, c˚, d˚)ᵀ ,we have general Elko dynamic equations governed
3We have published the results of this section in Ref. [3].
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by (√
G(r+)∂rI − i 1√
Σ(r+)
∂θI
)
d+
(√
Σ(r+)
H(r+)
∂ϕI +
1√
F (r+)
∂tI
)
c = i a˚m,(
1√
F (r+)
∂tI −
√
Σ(r+)
H(r+)
∂ϕI
)
d+
(
i
1√
Σ(r+)
∂θI +
√
G(r+)∂rI
)
c = i b˚m,(
i
1√
Σ(r+)
∂θI −
√
G(r+)∂rI
)
b+
(
1√
F (r+)
∂tI −
√
Σ(r+)
H(r+)
∂ϕI
)
a = i c˚m,(
1√
F (r+)
∂tI +
√
Σ(r+)
H(r+)
∂ϕI
)
b−
(
i
1√
Σ(r+)
∂θI +
√
G(r+)∂rI
)
a = i d˚m.
The ansatz I(t, r, θ, ϕ) = −(ω−Ω)t+W (r)+Φ(ϕ)+Θ(θ) is again used by considering
symmetries of the space-time solution [64], where ω and Ω denote the energy and
angular velocity respectively. The angular function Φ(ϕ) + Θ(θ) must have the
same solution for both the incoming and outgoing cases as well. It implies that
the contribution of such function vanishes after dividing the outgoing probability
by the incoming one, just like to J(θ, φ) of Eq. (3.47). Hence the angular function
can be neglected hereupon. Using the ansatz on the above system of equations and
disregarding the angular terms we have,
√
G(r+)W
′d− (ω − Ω)√
F (r+)
c =i a˚m, (3.115)
−
√
G(r+)W
′a− (ω − Ω)√
F (r+)
b =i d˚m, (3.116)
√
G(r+)W
′c− (ω − Ω)√
F (r+)
d =i b˚m, (3.117)
√
G(r+)W
′b+
(ω − Ω)√
F (r+)
a =− i c˚m. (3.118)
Moreover, the parameters a, b, c, d are not independent. In fact, Eqs. (3.108) and
(3.109) assert that for the self-conjugate spinors λS we have a = −id∗ and b =
ic∗, whereas for the anti-self-conjugate spinors λA it reads a = id∗ and b = −ic∗
[9]. Thus, by corresponding the λS [λA] spinors to the upper [lower] sign below
follows, √
G(r+)W
′d− (ω − Ω)√
F (r+)
c = ± d˚∗m, (3.119)
±
√
G(r+)W
′d∗ ∓ (ω − Ω)√
F (r+)
c∗ = d˚m, (3.120)
√
G(r+)W
′c− (ω − Ω)√
F (r+)
d = ∓ c˚∗m, (3.121)
±
√
G(r+)W
′c∗ ∓ (ω − Ω)√
F (r+)
d∗ = − c˚ m. (3.122)
We still have a system of 4 coupled equations not straightforward to be solved for
each 4 types of Elko spinors. It means that we do not know a priori if all of then are
emitted at the same temperature, a feature that would be weird. However, we are
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going to show that the situation can be simplified using properties of Elko compo-
nents. In fact, labelling A =
√
G(r+)W
′, B = (ω−Ω)√
F (r+)
and replacing explicitly the
the components of each of the Elko spinors we find
λS+ :

Aβ +Bα = αm
Aβ∗ −Bα∗ = α∗m
Aα−Bβ = −βm
Aα∗ −Bβ∗ = β∗m
(3.123)
λA− :

−Aβ −Bα = −αm
Aβ∗ −Bα∗ = α∗m
−Aα+Bβ = βm
Aα∗ −Bβ∗ = β∗m
(3.124)
λS− :

Aα∗ −Bβ = β∗m
Aα+Bβ = βm
−Aβ∗ −Bα∗ = α∗m
−Aβ −Bα = −αm
(3.125)
λA+ :

Aα∗ −Bβ = β∗m
−Aα−Bβ = −βm
−Aβ∗ −Bα∗ = α∗m
Aβ +Bα = αm
(3.126)
From the systems above, we see that the equations for λS+ are completely equiv-
alent to the equations for λA−. The same happens to the pair λS−, λA+. Thus we have
to deal only with λS+ and λS−. Furthermore, there are more equivalences: Eq. (3.119)
for λS+ is equivalent to Eq. (3.122) for λS− and Eq. (3.119) for λS− is equivalent to Eq.
(3.122) for λS+. At the end, rather than have four systems of four equations we have
the three pairs of equations below:
Eqs. for λS+ and λ
S
− :

√
G(r+)W
′α∗ − (ω−Ω)√
F (r+)
β∗ = β∗m,√
G(r+)W
′β + (ω−Ω)√
F (r+)
α = αm,
(3.127)
Eqs. for λS+ :

√
G(r+)W
′α− (ω−Ω)√
F (r+)
β = −βm,√
G(r+)W
′β∗ − (ω−Ω)√
F (r+)
α∗ = α∗m,
(3.128)
Eqs. for λS− :

√
G(r+)W
′α+ (ω−Ω)√
F (r+)
β = βm,√
G(r+)W
′β∗ + (ω−Ω)√
F (r+)
α∗ = −α∗m. (3.129)
Combining either Eqs. (3.127) and (3.128) or (3.127) and (3.129) implies the
equations for λS+ or λS− respectively. Hence, for each λS there is a system of cou-
pled equations for the dark spinor components α and β and also another coupled
system for α∗ and β∗, which are going to be solved separately. We denote now the
first equation of each one of the systems below to be the equations related to (α, β),
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whereas the second ones regard (α∗, β∗). We can determine the above functions as:
λS+ :

W1(r) = ±
∫ √m2F (r+)−(ω−Ω)2
F (r+)G(r+)
dr
W2(r) = ±
∫ √ (m√F (r+)+ω−Ω)2
F (r+)G(r+)
dr
(3.130)
λS− :
 W3(r) = ± ∫
√
(m
√
F (r+)−ω+Ω)2
F (r+)G(r+)
dr
W4(r) = iW2(r)
(3.131)
For massless particles the solutions for λS± are equivalent and W2(r) = −iW1(r). In
such case W2(r) reads
W2(r) =±
∫
ω − Ω√
F (r+)G(r+)
dr (3.132)
=± ipi r
2
+ − 2βr+ + a2
2(r+ + η)
(ω − Ω) . (3.133)
Actually, since F → 0 near the black hole horizon, the results hold both for massive
and their massless limit particles as well. It is worth emphasizing that it implies a
real solution for W1(r), and thus a null contribution for the tunnelling effect.
The above expression for W2(r) is exactly the same as obtained in the previous
section for Dirac spinors. Thus, the associated Hawking temperature is also the
same, given the temperature provided by
TH =
1
2pi
(r+ + η)
r2+ − 2βr+ + a2
. (3.134)
Thus, the temperature of the Kerr-Sen dilaton-axion black hole was computed
and demonstrated to confirm the universal character of the Hawking effect, even
for mass dimension one fermions of spin-1/2 that are beyond the standard model.
For future works, corrections of higher order in ~ to the Hawking temperature
(3.134) of type I = I0 +
∑
n≥1 ~nIn [77] can be still implemented in the context
of mass dimension one spin-1/2 fermions.
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EXTRA DIMENSIONS AND BRANEWORLD FRW
The first proposal of an extra dimensional space-time appeared through the work
of Kaluza and Klein, around the 1920s. Kaluza aimed a classical extension of gen-
eral relativity to five dimensions and derived the 4D Einstein field equations, the
Maxwell equations, and an equation for the scalar field. Later, in 1926, Klein pro-
vided a quantum interpretation of Kaluza’s model. Despite of the lack of new pre-
dictions from their program, pieces of their formalism were further developed and
it is still alive. After the 1960s, extra spatial dimensions were bring back by string
theorists. This time playing an essential role on the consistency of the theory. The
not so exciting fact is that the extra dimensions were supposed to be compactified
at a scale close to the Planck scale, pushing the new physics very far away from the
energy reachable by current experiments. This scenario gave birth to the modern
extra dimensions models, also called large extra dimensions paradigm. Its potential
capacity to bring new physics to a reachable energy scale made those models very
popular around the turn of the last century. The rich phenomenology emerging
from large extra dimensions keeps it as a serious candidate among present phe-
nomenological models.
There are plenty of papers and models of extra dimensions. On the HEP-Inspire
database, for example, there are 2,708 papers whose title has “extra dimensions"
or “braneworld". Far from a comprehensive cover of the field, this chapter was
written with four goals in mind. The first one is to introduce some basic ideas of
extra dimensions, giving an overview of the main models. It allows the discussion
of the second goal, which is to present the content of the paper [4] in the Section
4.4.2. The third goal is introduce the two braneworld black holes studied in the
next chapter, in the context of gravitational lensing in the strong field deflection
regime. The last one is to support the results of the Chapter 6, where we analyse
the consequences coming from the horizon have function formalism by assuming
the existence of extra dimensions.
4.1 Overview
Since the wide success of the Maxwell theory in the 19th century, unifying physical
theories has become a hot topic of research in physics. In such context, the existence
of extra dimensions has been shown fruitful and quite recurrent nowadays. The
first attempt of an unifying theory which includes Newtonian gravity and extra
dimensions was proposed by Nordström in 1914 [78]. His aim was to set up a
theory unifying gravity and electromagnetism, the two known interactions at the
time, assuming a 3D space embedded in a 4D one.
The establishment of general relativity as the theory of gravity at the beginning
of the 20th century turned the Nordström attempt obsolete. Any theory intending
to unify gravity and electromagnetism should incorporate general relativity. That
was the underlying idea of the Kaluza-Klein program [79, 80]. For the first time the
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extra dimensions were assumed to be compact, which as we are going to discuss in
the Section 4.2, have some interesting consequences.
Going forward to the 80s, some ideas of a paper entitled “Do We Live Inside A
Domain Wall?”, by Rubakov and Shaposhnikov [81], have motivated a class of ex-
tra dimensional models currently known as thick branes. Assuming the existence
of extra dimensions, it suggests that the known matter fields are localized in a topo-
logical defect placed in a 5D space-time. Such feature is largely assumed by current
models, where the brane plays the role of the topological defect. We are going to
discuss a model of thick branes in the Section 4.4.
Also in the 80s, string theory had an intense development. This theory, among
the quantum gravity candidates, is the one which has inspired more phenomeno-
logical models since then. From the extra dimensional models perspective, one of
the main objects predicted by string theory is the so called Dirichlet branes, or D-
branes for short. D-branes are extended objects where open strings are attached
[82, 83, 84, 85, 86]. They provide a natural justification for matter field localiza-
tion, like on the topological defects proposed by Rubakov and Shaposhnikov. In
the former case, however, the width of the brane can be considered tiny enough to
be negligible. It justifies the emerging brane models being called thin branes mod-
els, also known as braneworld models or braneworld scenarios. According to the
current braneworld terminology, the place where the known fields are confined is
called brane, while the whole extra dimensional space is called bulk.
4.1.1 Braneworld
An important class of braneworld models, including the famous Randall-Sundrum
(RS) model (see Section 4.3.2), is highly inspired by the work of Horava and Witten
[87, 88, 89]. The original model purposes a 11D string theory scenario where the
matter fields are confined in a 10D manifold. The model supposes the existence of
two branes of opposite tension, which generates curvature on the bulk. The bulk
curvature warps the brane metric tensor, being the braneworlds with such feature
called warped braneworlds.
Independently of its specific properties, a question that must be addressed by
any physically accepted braneworld model regards the fact that no extra dimen-
sions have been observed on nature until the present date. Any realistic model has
to prevent the effects of the extra dimensions to be observed at low energy scales.
A way of solving this problem is to suppose that the extra dimensions are small1
and compact, as in string theory. This solution is also applied to compact flat extra
dimension (Section 4.3.1). A pretty similar argument is used on thick brane models
(Section 4.4), where the width of the topological defect has to be very small. The
third one regards the warped braneworld models (Section 4.3.2), where the bulk
curvature prevents gravitons to access the whole bulk, thus keeping gravity fairly
as we know.
One of the interesting features of braneworld models is that they provide an
original solution to the hierarchy problem of the standard model. The hierarchy
problem deals with the fact, unexplained using only the standar model physics,
that the Planck scale and the electroweak scale are different by a factor of 1016.
The Planck mass, which determines the strength of the gravitational interaction,
is proportional to G−1/2, where G is the Newton’s constant. The weak scale, on
the other hand, is given by the vaccum expected value (VEV) of the Higgs field.
1In some models the extra dimensions might be of order of millimetres, therefore they are large
compared to the ones from string theory.
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However, considering its couplings to gauge bosons, the Higgs mass under radia-
tive corrections shows a quadratic sensitivity to the ultraviolet cutoff. Resulting in
larger Higgs mass, and therefore a larger electroweak symmetry break scale, when
the energy goes toward the Plack scale. It imposes a huge and very unnatural fine
tunning on the Higgs bare mass in the standard model Lagrangian. As we shall
discuss in Sec. 4.3, braneworld models solve the hireachy problem by lowering
the Planck scale to the order of the electroweak scale, arguing that the weakness
of the gravitational interaction is an direct effect of the existence of extra espatial
dimensions.
Besides their role dealing with the hierarchy problem, braneworld models are
very versatile. Their range of applications goes, for exemple, from cosmology [90,
91, 92] and particle physics [93, 94, 95] to black hole physics [96, 97]. Refs. [98] and
[99] are comprehensive reviews on thin and thick brane respectively.
4.1.2 Braneworld Cosmology
Applications of braneworld on cosmology has been investigated in several suit-
able contexts. Classes of exact solutions with a constant 5D radius on a cosmologi-
cally evolving brane were provided in [90], allowing unconventional cosmological
equations with the matter content of the brane dominating that of the bulk. This
framework is in full compliance to standard cosmology, as the present values of
the Hubble parameter and of the cosmological background radiation temperature
fits their respective values at the time of nucleosynthesis. Moreover, braneworld
cosmology in thin branes has been studied for any equation of state describing the
matter on the brane, where standard cosmological evolution can be obtained after
an early non-conventional phase in typical Randall-Sundrum [91] scenarios, where
the brane tension compensates the bulk cosmological constant. The accelerated
Universe could be the result of the gravitational leakage into extra dimensions on
Hubble distances rather than the consequence of non-zero cosmological constant
[100].
Subsequent to the braneworld cosmology on thin branes, the thick braneworld
paradigm has exhibited a fine structure [101, 102, 103] that supports the above dis-
cussed phenomenology. In spite of their success, thick braneworld models do en-
compass neither anisotropy on the brane nor the important framework of asym-
metric branes, as well as spherically symmetric thick brane worlds.
The study of the dynamics of a scalar field with an arbitrary potential trapped
in braneworld model can be further performed [102, 103, 104, 105]. Homogeneous
and anisotropic branes filled also with a perfect fluid are the mostly approached
models. In particular, by taking into account the effect of a positive dark radiation
term on the brane [106], the effect of the projection of the 5D Weyl tensor onto the
brane in the form of a negative dark radiation term is considered [107].
All the above-mentioned reasons motivate the investigation of both spherically
symmetric and anisotropic brane models.
4.2 Kaluza-Klein Modes
Let us now to sketch the Kaluza-Klein (KK) theory. Their original program, as
already mentioned, was proposed as an attempt to unify GR and electromagnetism.
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Its basic set up can be described as follows: departing from the metric tensor2,
(5)gAB = δ
µ
Aδ
ν
B (gµν +AµAν) + δ
5
Aδ
5
B (4.1)
(5)gµ5 = Aµ (4.2)
and assuming that (5)gAB and Aµ does not depend on the extra dimension y, they
showed that the 5D Ricci tensor decomposes as
(5)R = R+
1
4
FαβF
αβ, (4.3)
where Fµν = ∂µAν − ∂νAµ. Putting this Ricci tensor in the 5D Einstein-Hilbert
action, here denoted by SKK , follows
SKK =
∫
dyd4x
√
−(5)g (5)R (4.4)
=
∫
dy
∫
d4x
√−g
[
R+
1
4
FαβF
αβ
]
(4.5)
≡ ∆
∫
d4x
√−g
[
R+
1
4
FαβF
αβ
]
(4.6)
= ∆(SEH + SMW ). (4.7)
In order to consistently identify the equation (4.6) as a sum of the 4D Einstein-
Hilbert and Maxwell actions, the length of the extra dimension ∆ =
∫
dy must be
finite. It led them to postulate that the extra dimension is compact.
In spite of having no new consequences arising from the above action decom-
position, the interesting property of the KK theory, that has survived almost a cen-
tury, is its prediction of additional modes of known fields. We are going to describe
those modes in the following. Consider a 5D space-time with the extra dimension
compactified through the identification y ↔ y + 2npiL, where n = 0, 1, 2, .... Such
compactification means that the extra dimension is the circle S1. Applying it to a
scalar field one has
ϕ(xµ, y) = ϕ(xµ, y + 2npiL). (4.8)
The 2piL periodicity in y results that the field ϕ(xµ, y) can be expressed as a Fourier
series,
ϕ(xµ, y) =
∞∑
k=−∞
ϕk(x
µ)eiky/L, (4.9)
where the expansion coefficients depend only on the xµ coordinates, being the k 6=
0 modes often referred to as Kaluza-Klein excitations or Kaluza-Klein tower. In
order to interpret the consequences of the above assumption, let us apply the 5D
version of the Klein-Gordon equation to a massless field ϕ(xµ, y) ,
(5)ϕ(xµ, y) ≡ (− ∂2y)ϕ(xµ, y) = 0. (4.10)
2Here we are not regarding the scale and units, as we are going to do it in the next section.
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Substituting the Fourier decomposition (4.9) into the previous equation follows that
each mode ϕk satisfies the 4D Klein-Gordon equation
(
− ∂2y
)
ϕ(xµ, y) =
(
+ k
2
L2
)
ϕk(x
µ) = 0. (4.11)
From the above equation one sees that the zero mode ϕ0(xµ) remains massless,
whereas all other modes become effective 4D massive fields, with |k|/L playing the
role of the mass term,
mk =
|k|
L
. (4.12)
The KK tower is expected to exist in every theory with compact extra dimen-
sions, with energy scale varying with the inverse of the length of the extra dimen-
sion. In fact, the excited modes are one of the main features of the braneworld
models that have been tested at the LHC.
4.3 Thin Braneworld Models
One of the main properties of braneworld models is that the 4D Planck scale mp ≡
m4 no longer plays the role of fundamental scale, which is played by mD ≡ m4+d,
where d is the number of extra dimensions. It might allow the possibility of the
fundamental scale being around TeV. That is the reason for its huge popularity
among researchers of high energy phenomenology. In fact, the fundamental scale
suppression is usually seen from the extra dimensional gravitational potential. The
weakness of gravity is interpreted as being due to the fact that it “spreads" into
extra dimensions and only part of it is felt in our 4D space-time.
The extra dimensional field equations reads [98]
(4+d)RAB − 1
2
(4+d)R(4+d)gAB = −Λ4+d(4+d)gAB + κ24+d(4+d)TAB, (4.13)
where the gravitational coupling constant κ4+d is related to extra dimensional New-
ton’s constant and the fundamental scale by
κ24+d = 8piG4+d =
8pi
m2+d4+d
. (4.14)
The static weak field limit of the field equations leads to the (4 + d)-dimensional
Poisson equation, whose solution is the gravitational potential,
V (r) ∝ κ
2
4+d
r1+d
. (4.15)
However, on scales such that r  L, the extra dimensional potential behaves
like a 4D potential. It means that V (r)−1 ∼ Vd r, where Vd is the volume of the
d-extra dimensional space. The interesting result is that the usual Planck scale
becomes part of an effective coupling constant, describing gravity effectively on
scales much larger than the extra dimensions. The Planck scale and the fundamen-
tal scales are related by
m2p ∼ m2+d4+dVd. (4.16)
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Setting the number of extra dimensions and specifying its geometry, the volume
can be calculated. Thus the above equation gives the true fundamental scale. This
is the basic setup of the fundamental scale suppression applied to the ADD model,
introduced in the next section. Apart from bringing the fundamental scale close
to the experimental scale, the scale suppressing is also a solution to the hierarchy
problem of the standard model.
4.3.1 Compact Flat Extra Dimensions
The main model to apply compact flat extra dimensions is the so called ADD
model, proposed by Arkani-Hamed, Dimopoulos e Dvali [108]. The model as-
sumes a non specified a priori number d of extra dimensions. Thus, using the funda-
mental scale suppression previously introduced, one can estimate the least number
of extra dimensions such that the 4D gravity is preserved. As in any braneworld
model, the idea is to assume that 4D gravity is an effective theory of a fundamental
theory with extra dimensions. The basic assumptions of the model are summarized
below:
• The length of the brane is neglected;
• All extra dimensions are assumed to have equal size L;
• It is postulated that only gravity propagates in the bulk;
• A compactification for the extra dimensions is chosen a priori.
For the sake of simplicity, it is usually assumed the toroidal compactification. It
leads to the volume Vd ∼ (2piL)d. Using this volume on the equation (4.16) reads
L ∼ 1
m4+d
(
mp
m4+d
)2/d
. (4.17)
If one assumes that m4+d ∼ 10 TeV, fixing mp ∼ 1016 TeV the compactification
radius, depending on d, can be estimated
L ∼ 10−1TeV−1 (1015)2/d = 1030/d−1 TeV−1, (4.18)
or
L ∼ 1030/d10−17cm. (4.19)
1. d = 1 ⇒ L ∼ 1013 cm, which is definitely inconsistent with the Newton law
well-established at such distances.
2. d = 2 ⇒ L ∼ 0.1mm. That is the present experimental bound for gravita-
tional experiments [109, 110, 111].
Alternatively, one could assume only one extra dimension whose length is L ∼
0.1mm and from the Eq. (4.17) findm5 ∼ 106 TeV, which is far beyond the standard
model energy scale. Thus not a particularly interesting result.
Motivated by the matching of the fundamental and standard model scales, the
original assumption made for m4+d was m4+d ∼ TeV. In this case the possibilities
d < 3 are ruled out by deviations from the inverse square law, whereas d = 3 gives
L ∼ 10−6mm.
4.3. Thin Braneworld Models 45
Several simplifying assumptions were made above, one of them or more could
be easily lifted. This would change technical details and/or results, leaving con-
ceptual foundations of the approach intact. However, a weakness of such model is
that the assumptions were driven by simplicity or fine tuning.
4.3.2 Warped Extra Dimensions
The Randall-Sundrum (RS) braneworld is the seminal warped extra dimensional
model. It is one of the most studied braneworld model [109]. Many generalizations
have been developed since it was proposed in 1999 [95, 112]. There are two RS
models, RS-1 and RS-2, with one and two branes respectively. Unlike the ADD
model, there is no need to assume a compact extra dimension here. The model
structure makes the extra dimension, even being infinity, have an finite effective
length, related to the bulk curvature. This is, in fact, the picture of the model known
as RS-1 [112, 98]. The RS models can be summarized as follows: one starts by
assuming branes in a 5D bulk. The gravitational effects of the brane tensions are
balanced by a bulk cosmological constant, which acts to “squeeze” the gravitational
field closer to the brane and makes the brane cosmological constant to vanish. Thus
our Universe will be seem as static and flat for an observer on the brane. The price
to pay for this fine tuning is a highly curved 5D background.
One starts to build up the RS-2 model departing from the 5D Einstein-Hilbert
action
(5)SEH =
∫
d4xdy
√
−(5)g
(
m35
(5)R− Λ5
)
. (4.20)
Besides the bulk being curved, since we want the Lorentz invariance to be pre-
served on the brane, we have to assume that the induced metric is proportional to
the Minkowski metric, while the components of the 5D metric depend only on the
fifth coordinate y. The ansatz for a general metric with these properties is given by
[95, 112]
gAB(y) = e
−2Φ(y)ηµνδ
µ
Aδ
ν
B + δ
5
Aδ
5
B. (4.21)
The explicit form of the function Φ(w) is given by the field equations, which
also impose a negative 5D cosmological constant. Thus the bulk must be anti de-
Sitter. After placing the two opposite tension branes at y = 0 and y = L and using
the field equations one finds
Λ5 = −1
6
σ2
m35
, (4.22)
where σ is the brane tension and m5 the fundamental scale. In addition,
Φ(y) =
√
− Λ5
6m35
|y| ≡ k|y| (4.23)
and the metric is then given by
gAB(w) = e
−2k|y|ηµνδ
µ
Aδ
ν
B + δ
5
Aδ
5
B. (4.24)
The extra dimension has length L of the order of the Planck scale, thus the KK
expansion can be applied. It also has Z2 symmetry, meaning the identification y ↔
−y and y + L↔ y − L.
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One of the branes, the positive-tension brane, carry fundamental scale and is
called Planck brane. The standard model fields are assumed to be confined on the
negative tension brane, the TeV brane. Due to the negative exponential warping
factor, the effective Planck scale on the TeV brane (the one at y = L) is given by
m2p = m
3
5`
[
e2L/` − 1
]
(4.25)
where ` is the anti de-Sitter curvature radius. It gives a new approach to deal with
the hierarchy problem. The RS-1 model is very similar to the RS-2, the main differ-
ence is the effective presence of only one brane, due to the assumption L→∞.
4.3.3 Effective Field Equations
Numerous generalizations have appeared after the seminal paper by Lisa Randall
and Raman Sundrum. In such scenario an approach to find effective 4D field equa-
tions from the original 5D would be very welcome. That is exactly the proposal
of the formalism known as Shiromizu–Maeda–Sasaki (SMS) [113]. By using the
Gauss-Codazzi equations and the Z2 symmetry they figure out the corrections to
the 4D field equation that emerge as consequence of the bulk curvature. Such for-
malism is useful, for example, if one aims to find braneworld black hole solutions
or any non flat solution on the brane. A sketch of the formalism is given as below.
For details we refer to the original paper [113] or braneworld reviews [98].
At first let us write down the 5D field equations
(5)GAB = −Λ5(5)gAB + κ25
[
(5)TAB + (TAB − σ) δ(y)
]
. (4.26)
where TAB and σ are the energy-momentum tensor and the brane tension (energy
density) respectively, both localized on the brane. Now take y as a coordinate nor-
mal to the brane, which we assumed to be placed at y = 0. Thus, from the unit
normal vector nA we have nAdxA = dx
4 = dy. The 5D metric given in terms of the
induced metric on surfaces normal to nA reads
(5)gAB = gAB + nAnB , ds
2 = gµν(x
α, y)dxµdxν + dy2. (4.27)
The Gauss equations, which relate extrinsic and intrinsic curvatures, in the present
case give the Riemann tensor projected on the brane3,
RABCD =
(5)REFGHg
E
A
g F
B
g G
C
g H
D
+ 2K
A[C
K
D]B
. (4.28)
The Codazzi equation, in contrast, relates the extrinsic curvature tensor to the bulk
Ricci tensor as4
∇BKBA −∇AK = (5)RBCg BA nC , (4.29)
with the extrinsic curvature tensor defined by KAB =
1
2£ngAB = g
C
A
∇CnB , such
thatKABnB = 0. Now the bulk Riemann tensor is decomposed in terms of the bulk
3K
A[C
K
D]B
≡ KACKDB −KADKCB .
4K = KAA.
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Ricci, Weyl and metric tensors, as well as the Ricci scalar
(5)RABCD =
(5)CABCD +
2
3
(
(5)g
A[C
(5)R
D]B
− (5)g
B[C
(5)R
D]A
)
− 1
6
(5)g
A[C
(5)g
D]B
(5)R.
(4.30)
By contracting the Eq. (4.28) and replacing in Eq. (4.26) follows the effective field
equations on the brane
Gµν = −1
2
Λ5gµν +
2
3
κ25
[
(5)TABg
A
µ g
B
ν +
(
(5)TABn
AnB − 1
4
(5)T
)
gµν
]
+KKµν −KαµKαν +
1
2
(
KαβKαβ −K2
)
gµν − Eµν .
The tensor Eµν = (5)CABCDnCnDg Aµ g Bν depicts the projection of the Weyl tensor or-
thogonal to nA. The extrinsic curvature is related to the energy-momentum tensor
on the brane and follows from the Israel junction conditions [114]
[gµν ] = 0, [Kµν ] = −κ25
[
Tµν +
1
3
(σ − T ) gµν
]
, (4.31)
where the bracket denotes [X(y)] ≡ lim→0X(y + ) −X(y − ) ≡ X+ −X−. Due
to the bulk Z2 symmetry, normal vectors pointing to opposite sides on the brane,
when placed at the same point are, up to the sign, equals. This fact on the Eq.
(4.29) results that the extrinsic curvature, also on opposite sides, are equals up to
the sign K−µν = −K+µν , hence [Kµν ] = 2K+µν ≡ 2Kµν . Thus the extrinsic curvature
is completely determined by the energy-momentum tensor and the brane induced
metric
Kµν = −κ
2
5
2
[
Tµν +
1
3
(σ − T ) gµν
]
. (4.32)
It gives to the contractions of Kµν in the equation (4.31) the meaning of a second
order terms of the energy-momentum tensor on the brane. By combining the equa-
tions (4.31) and (4.32) one finds [113, 98],
Gµν = −Λ4gµν + k24Tµν + 6
κ24
σ
piµν + 4
κ24
σ
τµν − Eµν . (4.33)
The term piµν contains the higher order terms of the brane energy-momentum ten-
sor and τµν is the bulk energy-momentum tensor. The projection of the bulk Weyl
tensor on the brane Eµν encodes corrections from 5D graviton effects. For an ob-
server on the brane the energy-momentum corrections in piµν are local, whereas
Eµν contains the Kaluza-Klein corrections and acts as a non-local source. These
nonlocal corrections cannot be determined purely from data on the brane.
By identifying the equations (4.31) and (4.33) follows the expression correlating
the 4D and 5D cosmological and coupling constants being
κ24 =
1
6
σκ45, (4.34)
Λ4 =
κ25
2
(
Λ5 +
1
6
κ25σ
2
)
. (4.35)
The effective field equations are even more intricate than the Einstein equations
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due to the additional terms on Eq. (4.33). However, a practical way of finding the
brane metric on the brane neighbourhood is to expand the metric around the brane.
By performing a Taylor series around y = 0 using the Lie derivative one finds
gµν(x
α, y) = gµν +
∞∑
n=1
£(n)n gµν |y|n, (4.36)
with gµν(xα, 0) ≡ gµν . Explicit calculations leads to
gµν(x
α, y)=gµν − κ25
[
Tµν+
1
3
(σ − T )gµν
]
|y|+ (4.37)
+
[
1
4
κ45
(
TµαT
α
ν − Eµν + 2
3
(σ − T )Tµν
)
+
(
1
36
κ45(σ − T )2 − Λ5
6
)
gµν
]
y2 +
+
[
2KµβK
β
αK
α
ν − (EµαKαν +KµαEαν)− 1
3
Λ5Kµν −∇αBα(µν) + 1
6
Λ5 (Kµν − gµνK) +
+KαβRµανβ + 3K
α
(µEν)α −KEµν + (KµαKνβ −KαβKµν)Kαβ − Λ5
3
Kµν
]
|y|3
3!
+ · · ·
where Bµνα = g ρµ g σν Cρσαβnβ . Such expansion was analysed on [98] up to the
second order. In [115] the general case was obtained up to the forth order, including
a variable brane tension. Moreover, such expansion is the fundamental of the black
strings study near the brane. In fact, bounds on ultra high energy cosmic rays
have been obtained in [116], and this expansion was also used in Refs. [117, 118]
to study the bulk regularity and black strings associated to the McVittie solution
and the minimal geometric deformation, respectively, as well as in the context of
dark dust and dark radiation [119]. In the case of variable brane tension there is no
correction to the first and the second order, it happens only beyond the third order,
whose correction reads
−2κ
2
5
3
(
(∇α∇ασ)gµν − (∇(ν∇µ)σ)
)
. (4.38)
The fourth order correction, though, is given by
6
[
(σ)K(µτEτν) −∇α((∇(µσ)Eν)α)
]
+ 2
(
K +
7
3
κ25
)[
(σ)KKµν −∇α((∇(µσ)KKα|ν))
]
− 1
3
κ25
[
(σ)gµν −∇(ν∇µ)(σ)
]
+
(
1
3
κ25 + 2K
)
[(σ)E(µν) −∇α
(
(∇(µσ)Eν)α
)
]
+
1
3
κ25
[
(σ)(Rµν +K(µ|τKν)βKτβ −K2 K(µν))−∇α((∇(µσ)(Rα|ν) −KατKτν) −KKαν)))
]
− 2Kτβ [(σ)R(µ|τ |ν)β −∇α ((∇(µσ)Rατ |ν)β)]+ (2K2 − 1
3
Λ5
)
[(σ)gµν −∇(ν∇µ)σ] (4.39)
The above expansion is particularly useful for black hole like solutions, in which
one construct a Taylor expansion of the metric, near the horizon, along the extra
dimension [115, 120].
4.4 Thick Branes
An alternative approach for the thin braneworld models previously introduced
consists in the so called thick brane models. In those models the brane itself comes
from topological defects. An advantage of this approach is that the brane does not
appear ad hoc, but emerges from the field equations. Similarly to the warped extra
dimension models, when the 4D space-time is assumed to be flat the 5D metric is
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given by
ds2 = e2A(y)ηµνdx
µdxν − dy2 (4.40)
where again e2A(y) is called warp factor. However, unlike the RS models, here the
warp factor is a smooth function of the extra dimensional coordinate. A compari-
son of both warp factors is shown in Fig. 4.3.
FIGURE 4.1: Typical warp factor profile for thin and thick brane models.
Our aim here is to apply the thick brane approach to the 5D Friedman-Robertson-
Walker (FRW) solution, in the Section 4.4.2. Let us first introduce some basic un-
derlying features of thick branes though.
4.4.1 Topological Defects and Domain Wall Branes
Dynamically generated thick branes are described by topological defects. A topo-
logical defect is defined as a stable solution of the field equations which cannot be
continuously deformed into the vacuum solution. In other words, are solutions lo-
calised with non-dispersive energy density which travel undistorted in shape [121,
122, 123]. They encompass a popular branch of nonlinear science and have a wide
range of applications [124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135]. In par-
ticular we could mention cosmology, high energy physics and condensed matter
physics, where they can be used to describe phase transitions in the early universe
and contribute to pattern formation in nature [136, 137, 138]. Here we are interested
on topological defects generated by real scalar fields [139, 140, 141, 142, 143].
Consider the action for a real scalar field in 1+1 dimensions
S =
1
2
∫
d2x[∂νφ∂νφ− 2V (φ)], ν = 0, 1 (4.41)
with potential given by
V (φ) =
λ
4
(φ2 − v2)2, v = µ√
λ
. (4.42)
The above action is invariant under the transformation φ 7→ −φ, a Z2 symmetry.
However, at low energy scales, this symmetry is broken due to the discreteness of
the vacuum states.
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FIGURE 4.2: Potential profile of the Eq. (4.42). The Z2 symmetry is broke at low
scaled
In addition to the trivial vacuum solutions, the two solutions to the field equa-
tions coming from the Eq. (4.41) are called kink and anti-kink. Their asymptoti-
cally behaviour are given by lim
x→±∞φ(x) = ±v and limx→±∞φ(x) = ∓v respectively.
Thus, kink and anti-kink are solutions that interpolate the vacuum solutions ±v.
Their asymptotically behaviour distinguish the solutions. One interesting fact is
that there is no way to connect the solutions with a continuous and energetic al-
lowed transformation. Any intermediate solution would have a non vacuum value
when x→∞, thus with infinite energy.5
The finiteness of the solution can be guessed from the scalar field energy
E =
∫
dx
[
1
2
(
dφ
dx
)2
+
λ
4
(φ2 − v2)2
]
, (4.43)
where both terms on the integrand have to vanish quick enough when x→ ±∞.
Let us now look at the field equations. By varying the action (4.41) one finds
φ′′ =
∂V
∂φ
. (4.44)
Multiplying both sides by φ′ and integrating on x it follows
1
2
φ′2 − V = 0, (4.45)
where 0 is the constant of integration. From the contour conditions, the field and
potential should vanish when x → ±∞, thus  = 0. As mentioned, besides the
vacuum solutions v and −v, the two inequivalent solutions are the kink [positive
5 The precise way to say that the solution classes are disjoint and inequivalent is by using the
concept of homotopy. A homotopy between fields f, g : X → Y is a continuous map defined by
H : [0, 1]×X → Y, such that H(0, x) = f(x) and H(1, x) = g(x).
Intuitively, two fields are homotopically equivalent if one can be continuously deformed into the
other.
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FIGURE 4.3: Kink and anti-kink profile.
sign] and anti-kink [negative sign], explicitly given by
φk(x) = ± µ√
λ
tanh
(
µ√
2
x
)
. (4.46)
Those are simple solutions used for guiding when we have to face more compli-
cated field equations.
Models of 3+1 or 4+1-dimension can also have the same solutions for the field
equations, depending on only one coordinate. Those solutions can be represented
by surfaces that concentrate the energy and separate vacuum solutions, called do-
main walls. The existence of domain walls is expected in models with discrete
vacuum states [121, 99].
4.4.2 Thick Brane FRW Solution6
Our aim here is to provide an approach for spherically symmetric thick brane cos-
mology. By exploring the framework of isotropic thick branes [101, 102, 103], one
can realize that the separability of the warp factor is fundamental in order to explic-
itly describe the time-dependent solutions. It is noway obvious that, for spherically
symmetric thick braneworlds, the warp factors to be considered in this section –
that are dependent on time, extra dimension, and radial coordinate on the brane –
should be separable in the context of solving the equations of motion. Likewise, it
suggests that it might be hopeful to find time-dependent soliton solutions leading
to non-separable forms of the warp factor [144, 145, 146]. Separable solutions are
normally discussed in the framework of thin braneworld models that are rather
unnatural in case of thick defects, since the brane thickness must fulfill the limits
2.0 × 10−19m . ∆ . 44µm [147], having thus a minimal thickness [139]. In fact,
thick brane cosmology has been widely discussed in [144, 145, 146, 148], further
regarding other type of warp factors [149, 150, 151] and tachyonic solutions, with a
decaying warp factor that enables localization of 4D gravity as well as other matter
fields [148]. Some applications in the thin brane limit have been provided, e. g., in
[115].
6We have published the results of this section in Ref. [4].
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Departing from a general 5D spherically symmetric warped spacetime, our pur-
pose is to solve the coupled system of gravitational field equations and the equa-
tions of motion for a scalar field. The procedure introduced in the following results
into an explicit formula for both the extra dimension-dependent part of the warp
factor and the spherically symmetric time-dependent component. The warp factors
for flat, closed, and open spacetimes are obtained and discussed, and the properties
of Hubble type parameter are also investigated. Our analysis results into deploying
the fundamentals of thick braneworld cosmology with time dependent spherically
symmetric warp factors, exclusively departing from the field equations.
To provide a generalization of the successful achievements on braneworld cos-
mology in the thin brane paradigm [90, 91] as well as in the thick brane scenario
[102, 103], one considers 5D spacetimes for which the metric assumes the following
form:
ds2 = a2(t, r, y)gµνdx
µdxν + dy2, (4.47)
where gµν is the FRW metric given by
gµνdx
µdxν = −dt2 +
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdϕ2)
]
,
with k denoting the curvature parameter assuming the values −1, 0 and 1, leading
respectively to an open, a flat or a closed Universe. The function a(t, r, y) plays
simultaneously the role of conformal scale factor and brane warp factor. The 4D
solutions are sourced by the bulk scalar field.
The action for scalar field in the presence of 5D gravity is given by7
S5D =
∫
d4xdy
√−g
(
−1
2
gMN∇Mφ∇Nφ− V (φ) + 2m35R
)
. (4.48)
For the above prescribed scenario, one assumes that the scalar field, φ, depends
exclusively on time and upon the extra coordinate y.
The field equations and the equation of motion for φ resulting from the above
action (4.48) are provided by
∇2φ− dV
dφ
= 0, (4.49)
RMN − 1
2
gMNR =
1
4m35
TMN , (4.50)
where∇2 is the 5D Laplacian operator, and the energy-momentum tensor, (5)TMN ,
for the scalar field φ(t, y) reads
TMN = −gMN
(
1
2
(∇φ)2 + V (φ)
)
+∇Mφ∇Nφ .
In particular, the energy-density (T00) is implied by φ(t, y) and localized near y = 0.
Moreover, the equation of motion for the scalar field is expressed by
φ′′ − 1
a2
φ¨+
4a′
a
φ′ − 2a˙
a3
φ˙ =
dV
dφ
,
7All the tensor and scalars here are the 5D ones, no effective 4D quantities are used in the present
section. Thus there is no reason to use (5) to distinguish 4D and 5D quantities.
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where one denotes ∂f∂t = f˙,
∂f
∂r = f¯, and
∂f
∂y = f
′, for any scalar function f here-
upon. By assuming a static scalar field scenario, the components of the Einstein
tensor are given by the following expressions:
G00 = a
2
{
3
[
a˙2
a4
−
(
a′′
a
+
a′2
a2
)
+
k
a2
]
+ (1− kr2)
[
a¯2
a4
− 2a¯
a3
− 6a¯
a3r
]
+
2a¯
a3r
}
,
G11 = −g11
{[
1
a2
(
2a¨
a
− a˙
2
a2
)
− 3
(
a′′
a
+
a′2
a2
)
+
k
a2
]
− (1− kr2)
[
3a¯2
a4
+
4a¯
a3r
]}
,
G22 = −g22
{[
1
a2
(
2a¨
a
− a˙
2
a2
)
− 3
(
a′′
a
+
a′2
a2
)
+
k
a2
]
− (1− kr2)
[
2a¯
a3
− a¯
2
a4
+
4a¯
a3r
]
+
2a¯
a3r
}
,
G33 = g33G22/g22,
G55 = 3
(
2a′2
a2
− a¨
a3
− k
a2
)
+ 3(1− kr2)
(
a¯
a3
+
3a¯
a3r
)
− 3a¯
a3r
,
G01 = 2
(
2
a¯a˙
a2
− ˙¯a
a
)
,
G05 = 3
(
a˙a′
a2
− a˙
′
a
)
,
G15 = 3
(
a¯a′
a2
− a¯
′
a
)
.
The Einstein equations GMN = TMN , adopting 4M3∗ = 1, can be used to find
the form of the warp factor. By separating the variables a(t, r, y) = A(t, r)B(y), the
Einstein equation G01 = T01 = 0 yields
0 = 2
A¯
A
−
˙¯A
A˙
= ∂r lnA
2 − ∂r ln A˙
⇒ ln A
2
A˙
= T (t)⇔ A˙ = A2e−T , (4.51)
or
0 = 2
A˙
A
−
˙¯A
A¯
= ∂t ln
A2
A¯
⇒ ln A
2
A¯
= R(r)⇔ A¯ = A2e−R , (4.52)
implying that
A˙ = A¯eR−T . (4.53)
The expressions A˙2 = A4e−2T and A¯2 = A4e−2R follow from (B.42), (B.46) and
(B.47), and they imply that
˙¯A = = 2A3e−(T+R) ,
A¨ = = A2e−T
(
2Ae−T − T˙
)
, (4.54)
A¯ = A2e−R
(
2Ae−R − R¯) . (4.55)
One of the off-diagonal Einstein equations G05 = T05 = φ˙φ′ yields
φ˙φ′ = 3
(
A˙B′
AB
− A˙B
′
AB
)
= 0 ⇒ φ˙ = 0 ,
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that means that the scalar field φ is time independent. Hence the components of
energy-momentum tensor become
Tµν = −gµν
(
1
2
φ′2 + V (φ)
)
, T55 =
1
2
φ′2 − V (φ) .
The explicit form of the components of the field equation for the metric ansatz
(4.47) can be written for k = 0, ±1, by denoting the spatial curvature of the 4D
homogeneous and isotropic space-time for Minkowski, de Sitter and anti-de Sitter
space, respectively. The diagonal components (remembering that the component
22 equals 33) are respectively expressed as:
1
2
φ′2+V (φ) =
1
B2
{
−3 (BB′)′+ 1
A2
[
(1− kr2)
(
A¯2
A2
− 4 A¯
A
− 6 A¯
Ar
)
+2
A¯
Ar
+3
A˙2
A2
+3k
]}
,
1
2
φ′2+V (φ) =
1
B2
{
−3 (BB′)′+ 1
A2
[
(1− kr2)
(
3
A¯2
A2
+4
A¯
Ar
)
+2
A¨
A
− A˙
2
A2
+k
]}
,
1
2
φ′2 +V (φ) =
1
B2
{
−3 (BB′)′+ 1
A2
[
(1− kr2)
(
2
A¯
A
− A¯
2
A2
+4
A¯
Ar
)
+2
A¨
A
− A˙
2
A2
+k+2
A¯
Ar
]}
,
1
2
φ′2 − V (φ) = − 1
B2
{
−6B′2+ 3
A2
[
(kr2 − 1)
(
A¯
A
+3
A¯
Ar
)
+
A¨
A
+k+
A¯
Ar
]}
. (4.56)
Therefore, the equations for φ or y can be expressed as
φ′′(y) + 4
a′
a
φ′(y) =
dV
dφ
,
B2(y)
[
3
(
B′′(y)
B(y)
+
B′2(y)
B2(y)
)
+
1
2
φ′(y) + V (φ)
]
= c0,
B2(y)
[
6
B′2(y)
B2(y)
− 1
2
φ′(y) + V (φ)
]
= c5 , (4.57)
for c0 and c5 separation constants, whereas the ones for t and r are summarized
respectively by
A˙(t, r) = A2(t, r)e−T (t),
A¯(t, r) = A2(t, r)e−R(r), (4.58)
00 :
1
A2
[
(1− kr2)
(
A¯2
A2
− 4A¯
A
− 6A¯
Ar
)
+ 2
A¯
Ar
]
+
3A˙2
A4
+
3k
A2
= c0, (4.59)
11 :
1
A2
[
(1− kr2)
(
3A¯2
A2
+
4A¯
Ar
)]
+
2A¨
A3
−
(
A˙
A2
)2
+
k
A2
= c0, (4.60)
22 :
1
A2
[
(1− kr2)
(
2A¯
A
− A¯
2
A2
+
4A¯
Ar
)
+
2A¯
Ar
]
+
2A¨
A3
− A˙
2
A4
+
k
A2
= c0,(4.61)
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A2
[
(kr2 − 1)
(
A¯
A
+
3A¯
Ar
)
+
A¯
Ar
]
+
3A¨
A3
+
3k
A2
= c5. (4.62)
The role of the bulk scalar field is to provide the cosmological constant on a brane as
is clear from Eqs.(4.58-B.71). By imposing c5 = Λ one has analogous cosmological
implications for suitable limits, where the warp factor has no dependence on r, as
in the thick brane cosmology with isotropic warp factor [102, 103]. In an isotropic
thick braneworld the condition c5 = 2c0 = Λ holds [102]. Nevertheless, in this
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scenario such two constants restrict further the form of the function A(r, t), when
the above equations are used, by the following relationship:
−15
(
kr2 − 1
c1r
)2
− 12(1− kr
2)3/2
c1Ar2
+ 6
√
1− kr2
c1Ar2
= 2c0 − c5 . (4.63)
Note that this consistency equation is trivial if the 4D scale factor is independent of
the radial coordinate, as in [102]. Now, by computing the difference of (B.70) and
(B.71), one obtains the equation (1− kr2)R¯− 1r = 0 which has solution
R(r) = ln
c1r√
1− kr2 , (4.64)
where c1 is a constant of integration. Moreover, the solution for Eq. (4.58) is pro-
vided by (hereon one shall notice the index k in order to denote the dependence on
k = 0,±1 in the following expressions):
Ak(t, r) =
c1
c1Yk(t) + fk(r)
, (4.65)
where Yk(t) is a constant of integration with respect to the r coordinate,
fk(r) ≡ ln
√
1− kr2 + 1
r
−
√
1− kr2 , (4.66)
and Ak(t, r) depends on k = 0,±1. It implies hence that
A˙k(t, r)
A2k(t, r)
= −Y˙k(t) = e−T (t) . (4.67)
We can simplify Einstein equations using (B.46), (4.54), (4.55), and (4.67) to make
Eq.(B.69) — that corresponds to the 00 component of the Einstein equations — to
read:
Y˙ 2k = −kY 2k + wk(r)Yk + zk(r) , (4.68)
where wk(r) and zk(r) are respectively given by the following expressions:
wk(r) = −1
3
[
2(1− kr2)e−R
(
2R¯− 3
r
)
+ 2
e−R
r
+
6kfk(r)
c1
]
,
zk(r) = −1
3
{
(1− kr2)e−R
[
−7e−R + 2fk(r)
c1
(
2R¯− 3
r
)]
+
2fk(r)
c1
e−R
r
+
+3k
f2k (r)
c21
− c0
}
. (4.69)
The solutions for Minkowski, anti-de Sitter and de Sitter spacetimes are respec-
tively provided by:
Y ±−1(t) =
1
4
e±(t∓α−1)
[(
e∓(t∓α−1) − w−1(r)
)2 − 4z−1(r)] , (4.70)
Y ±0 (t) = α0 ±
√
z0(r)t, (4.71)
Y ±1 (t) =
1
2
[
w1(r)±
√
w21(r) + 4z1(r) sin(t+ |α1|)
]
. (4.72)
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respectively for k = −1, 0, 1. The constant parameters α0, α±1 are constants of
integration.
When fk(r) = 0, then Ak(t, r) = 1/Yk(t), and one has the results from [102] for
thick brane cosmology, with c5 = 2c0 = Λ, where Λ denotes the 4D cosmological
constant. For the case explicitly provided by Eq. (B.80), Ak(t, r) indeed does not
depend on the r coordinate. Firstly, it is evident that Ak(t, r) = 0 when r → ∞,
as fk(r) diverges in this case. However, it is not properly the useful case here.
For k = 0, Ak(t, r) is independent of r when fk(r) = 0, namely, when r = 2/e.
Moreover, when k = 1, fk(r) = 0 for r = 1, and hence Ak(t, r) in Eq. (B.80) has no
dependence on the variable r. Finally, Ak(t, r) is merely a function of the cosmic
time t for k = −1 when r solves the algebraic equation
√
1+r2+1
r = exp
(√
1 + r2
)
.
Eqs. (B.85)-(B.87) lead to the solutions [102]
a(t) ∼

sech(t+ α−1) , k = −1 (Λ < 0)
1/(t+ α0) , k = 0 (Λ > 0)
sec(t+ α1) , k = +1 (Λ > 0)
(4.73)
For k = 0, 1 the metric is singular at a finite time t = −αa + (n+ 1/2)pik, (a = 0, 1),
for n ∈ Z [102]. It further implies that in this particular case the Hubble parameter
reads
H(t) =

tanh(t+ α−1) , k = −1 (Λ < 0)
1/(t+ α0) , k = 0 (Λ > 0)
tan(t+ α1) , k = +1 (Λ > 0)
(4.74)
for the appropriate limits above analyzed where fk(r) = 0.
Once the 00 component of the Einstein equations is considered, one can further
analyze the 11 component. Eq. (B.70) thus reads
(1− kr2)e−R
(
3e−R +
4
c1r
fk(r)
)
+
k
c1
fk(r) + kY
+
[
(1− kr2)e−R 4
r
+
2k
c1
fk(r)
]
Y − 2fk(r)
c1
Y¨ − 2Y Y¨ + 3Y˙ 2 = c0 .
It implies that
2Y¨
(
Y +
fk(r)
c1
)
= 3Y˙ 2 + kY 2 + u(r)Y + v(r) , (4.75)
where uk(r) and vk(r) are respectively given by:
uk(r) =
4
r
(1− kr2)e−R + 2k
c1
fk(r) ,
vk(r) = uk(r)
fk(r)
c1
+ 3(1− kr2)e−2R − k
c1
fk(r)− c0 .
Moreover, the 22 and 33 components of Einstein equations are provided by Eq. (B.71),
yielding
2Y¨
(
Y +
fk(r)
c1
)
= 3Y˙ 2 + kY 2 +m(r)Y + n(r) , (4.76)
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where
m(r) = e−R
[
−2(kr2 − 1)R¯+ 6
r
− 4kr
]
+ 2k
fk(r)
c1
,
n(r) = m(r)
fk(r)
c1
+ 3e−2R(1− kr2)− kf
2
k (r)
c21
− c0 .
Analogously, the 55 component of Einstein equations Eq. (B.72) reads
Y¨
(
Y +
fk(r)
c1
)
= 2Y˙ 2 + kY 2 + g(r)Y + h(r) , (4.77)
where
g(r) = e−R
[
(kr2 − 1)
(
3
r
− R¯
)
+ 1
]
+ k
fk(r)
c1
,
h(r) = g(r)
fk(r)
c1
− kf
2
k (r)
c21
− 2
(
1− (kr2)2
c1r
)
− c5
3
.
Eqs. (4.75), (4.76) and (4.77) can be reduced to first order EDOs. By defining a new
variable X = Y˙ , Eqs. (4.75) and (4.76) can be written as
2X
dX
dY
(Y + α) = 3X2 + kY 2 + bY + c, (4.78)
where α = fk(r)/c1, for Eqs. (4.75) and (4.76), by identifying respectively b to u(r)
and m(r), and c to v(r) and n(r). Solutions are provided by
Y˙ 2 = k1(Y + α)
3 − kY 2 − 1
2
bY − 1
3
kα2 − 1
6
αb− 1
3
c, (4.79)
where k1 is a constant of integration. Note that when k1 = 0 the above equation
has exactly the same form of Eq. (4.68), thus has the same kind of solutions.
Moreover Eq. (4.76) can be recast analogously as
X
dX
dY
(Y + α) = 2X2 + kY 2 + g(r)Y + h(r) ,
and reduced to a first order EDO in a similar way, giving
Y˙ 2 = k1(Y + α)
4 − kY 2 − 2
3
(αk + g(r))Y − 1
3
(α2k + αg(r) + 3h(r)). (4.80)
In general, the above obtained equations do not exhibit analytical solutions. How-
ever when k1 = 0 the same form of the Eq. (4.68) is again achieved.
Given the form of the above equations, the constant parameter k1 fixes the initial
acceleration associated to the scale factor of the universe. One can compare it to the
expected data for the dynamics of the scale factor and set k1 according to the initial
conditions.
In the set of Figs. 4.4-4.6 and Figs. 4.7-4.9 one respectively depicts the form for
the warp factor Ak(t, r) for k = 0,±1, and the associated Hubble like parameter,
calculated from the respective warp factor.
The above two sets of plots indicate a dependence on the integration param-
eter c0, that is a multiple of the brane cosmological constant in an isotropic thick
braneworld. Instead, here the constant c0 is related to the cosmological constant
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FIGURE 4.4: Warp factor
A−1(t, r) in (B.80), for c1 = 2.
FIGURE 4.5: Warp factor
A0(t, r) in (B.80), for c1 = 2.
FIGURE 4.6: Warp factor
A1(t, r) in (B.80), for c1 = 2.
FIGURE 4.7: Warp factor
A−1(t, r) in (B.80), for c1 = 0.1.
FIGURE 4.8: Warp factor
A0(t, r) in (B.80), for c1 = 0.1.
FIGURE 4.9: Warp factor
A1(t, r) in (B.80), for c1 = 0.1.
c5 = Λ by Eq. (4.63), and the spherical symmetry of the warp factor sets in. This
explains the dependence of the Ak(t, r) on the parameter c0.
When the constant of integration c1 in (4.63) is assumed to be equal to 2, Fig. 4.4
illustrates a monotonically increasing scale factor both radially and temporally. The
larger is the radial position on the brane the steeper is the time dependence is.
Fig. 4.5 presents a range of singularity that attains lower values for the radial coor-
dinate as time elapses. Fig. 4.6 illustrates a scale factor that increases in the range
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presented therein. However such an increment is smoother as the cosmic time
elapses. When c1 = 0.1, Fig. 4.7 depicts a time-independent singularity for a fixed
value r0 ≈ 0.663 for the scale factor of a closed Universe, whereas the singularity
evinced in Fig. 4.5 is smoother in Fig. 4.8. Finally, Fig. 4.9 shows a similar profile as
that one in Fig. 4.6, instead the radial increment is planer.
Hereupon the Hubble like parameter can also be depicted for k = 0,±1. Their
profiles are still dependent on the constant c1 in (4.63), nonetheless the range of
Hk(t, r) changes slightly for different values of the c1. For the sake of completeness,
and in order to match the results from Figs. 4.4-4.9, one the Hubble like parameter
for c1 = 0.1 can be depicted in Figs. 4.10-4.12. The above Hubble like parameters
FIGURE 4.10: Graphic
of the Hubble like parameter
H−1(t, r) = A˙−1(t, r)/A−1(t, r)
in (B.80), for c1 = 0.1.
FIGURE 4.11: Graphic
of the Hubble like parameter
H0(t, r) = A˙0(t, r)/A0(t, r) in
(B.80), for c1 = 0.1.
FIGURE 4.12: Graphic of the
Hubble like parameter H1(t, r)
in (B.80), for c1 = 0.1.
are led to the respective Hubble parameters (4.74), when the suitable respective
limits mentioned before Eq. (4.73) are taken into account. For the case k = 1, the
Hubble like parameter increases monotonically, being steepest for lower values of
the radial coordinate.
The y-dependent part of the solutions are determined by Eqs. (4.56). By defin-
ing B¯(y) ≡ eb(y), it can be written as
3B′′ +
3
2
Λe−2b = −φ′2, (4.81)
6B′2 − 3Λe−2b = 1
2
φ′2 − V (φ), (4.82)
φ′′ + 4B′φ′ − dV
dφ
= 0. (4.83)
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As such equations are the same as those ones obtained in [102], the results for the
extra dimensional profiles are likewise similar here. When one assumes a specific
function B(y), Eqs. (4.81)-(4.83) determine φ(y) and V (φ), or vice-versa [152, 153,
154, 126]. For instance, the warp factor B(y) = ln[sinh(βy)] was adopted in [102],
where β was assumed as a constant parameter, in order to have A(y) ∝ e−|y| when
y → +∞, thus recovering the Randall-Sundrum model. For small (large) values of
y, |y| . β−1 (|y| & β−1), the kink solutions are given respectively by
φsmall(y) = 2
√
3 arctan[tanh(βy/2)],
φlarge(y) =
√
−3Λ
2
1
β
sinh(βy). (4.84)
These results can be turned into asymmetric thick braneworld scenarios, gener-
ated after adding a constant to the superpotential associated to the scalar field (see
[155, 102]). Asymmetric branes can be generated irrespective of the potential being
symmetric or asymmetric, and the sine-Gordon-type model in this context can be
shown to have a stable graviton zero mode, despite the presence of an asymmetric
volcano potential [155]. Indeed, the superpotential method described in [102] can
be further extended when one proposes the sine-Gordon-type model determined
by the superpotential
Wc(φ) = 2
√
3
2
sin
(√
3
2
φ
)
+ c,
that is obtained by the standard one, by shifting it with a constant parameter c such
that |c| ≤ √6 [155]. The solutions for the equations
φ′ =
1
2
Wφ, (4.85)
A′ = −1
3
W (φ), (4.86)
were obtained [155]:
φ(y) =
√
3
2
arcsin(tanh(y)), (4.87)
Ac(y) = − ln[sech(y)]− 1
3
cy, (4.88)
where φ(y) is the standard solution of the sine-Gordon model, for c = 0.
Finalizing, the above system could be further analyzed by including the radial
dependence in the bulk scalar field that supports the radial dependence in the 4D
scale factor. However, in this case, we cannot see a possible way to solve the equa-
tions analytically.
4.5 Braneworld Black Holes
The new features brought by braneworld scenarios would obviously have effects in
black hole physics. Although 4D Einstein gravity allows only 4 asymptotically flat
vacuum or electrovacuum black hole solutions, namely the Schwarzchild, Reiss-
ner–Nordström, Kerr and Kerr-Newman (see Sec. 2.1.1), extra dimensional gravity
is much less restrict. In fact, there is a wide variety of solutions depending on the
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brane model assumed [97]. Such a wild environment deserves a good reason to
be explored, otherwise we could still doing well with the sufficiently controlled
4D black hole solutions. Among the reasons it should be interesting to study extra
dimensional black hole solutions, we may mention that [156]:
• It could clarify physics of micro states in black hole thermodynamics. In fact,
the first successful statistical counting of black-hole entropy in string theory
was performed for a 5D black hole [157];
• Applications of the AdS/CFT, from QCD to condensate matter, make use of
black hole physics with extra dimensions [11, 17, 158, 159, 160];
• The possible production of higher-dimensional black holes in colliders and
its potential unveiling of new physics;
• From the geometrical point of view, black hole space-times are important
Lorentzian Ricci-flat manifolds.
Actually we are interested in two particular solutions of braneworld scenarios
that can be seen effectively as small deviations of the the 4D Schwarzchild solution,
namely the Casadio-Fabbri-Mazzacurati and the Minimal Geometric Deformation
solutions. They were found from the effective field equations for warped extra di-
mensions. In the next chapter we are going to analyse the effect of the mentioned
deviations in the non linear regime of gravitational lensing. Furthermore, the sim-
plest extra dimensional extension of the Schwarzchild solution will also be intro-
duced. Such solution will be used in the Chapter 6 for modelling extra dimensional
micro black hole formation.
4.5.1 The Schwarzchild Extra Dimensional Solution
The simplest way to obtain an extra dimensional Schwarzchild solution is by as-
suming that the extra dimensions are flat and sufficiently large. Likewise in the
ADD model. By sufficiently large we mean an extra dimensional length L such
that L  RD, where RD is the radius of the higher dimensional black hole hori-
zon. This condition obviously does not hold for astrophysical black holes in the
ADD model, but it could be a good approximation for black holes whose radius is
close to the Planck scale. We are going to deal with those sort of black holes and its
probability of formation in the Section 6.3.
Analogously to the 4D GR, the vacuum field equation of a D + 1 dimensional
space-time is given by
RAB = 0. (4.89)
A spherically symmetric solution should have the form
ds2 = −A(r)dt2 +B(r)dr2 + r2dΩ2D−2, (4.90)
where dΩ2D−1 is the line element of the unit D-sphere. The field equations then
imply that [161]
A(r) = B(r)−1 =
(
1− C
rD−2
)
, (4.91)
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where C is an integration constant related to the black hole mass by
C =
16piGM
(D − 1)ΩD−1 . (4.92)
Here ΩD−1 denotes the area of a unit D − 1-sphere and the Schwarzchild radius
follows straightforward as
RD =
(
16piGM
(D − 1)ΩD−1
) 1
D−2
. (4.93)
A different family of 5D solutions could be found by assuming a metric like
ds2 = gµν(x
α)dxµdxν + dy2, (4.94)
where the metric coefficients do not depend on the extra dimension y. In this case
any 4D solution is also a 5D solution by construction [97]. Solutions of this family
are the so called black strings. Besides its appealing simplicity, the Schwarzchild
black string were shown to have a central singularity extending all along the ex-
tra dimension and a singular bulk horizon [162], a configuration which moreover
suffers of the well-known Gregory-Laflamme instability [163].
4.5.2 The Casadio-Fabbri-Mazzacurati (CFM) Solutions
We have seen in the Section 4.3.3 that solutions of the effective field equations on the
brane are not uniquely determined by the matter energy density and pressure, since
gravity can propagate into the bulk and generates a Weyl term onto the brane itself.
Taking that into account, the CFM metrics [162, 164] were found as vacuum brane
solutions, like the tidally charge metric in Ref. [96], and contain a PPN parameter
δ measured on the brane. The case δ = 1 corresponds to the exact Schwarzschild
solution on the brane, and extends into a homogeneous black string in the bulk.
Furthermore, it was observed in Ref. [162] that δ ≈ 1, in solar system measure-
ments. More precisely, the deflection of light in the classical tests of GR provides
the bound |δ − 1| . 0.003 [165]. The parameter δ also measures the difference be-
tween the inertial mass and the gravitational mass of a test body, besides affecting
the perihelion shift and describing the Nordtvedt effect [162]. Finally, measuring δ
provides information regarding the vacuum energy of the braneworld or, equiva-
lently, the cosmological constant [98, 162].
By assuming a vacuum solution with a vanishing Λ4, equivalent to fine tuning
the Λ5 on Eq. (4.35), the field equations (4.33) reads
Rµν = −Eµν . (4.95)
Departing from spherically symmetric systems on the brane, whose general metric
can be written as
gµν dx
µ dxν = −A(r) dt2 +B(r) dr2 + r2 dΩ2, (4.96)
the CFM metrics are obtained by relaxing the condition A(r) = B−1(r). Such con-
dition is valid for the Schwarzschild and Reissner-Nordström metrics. However,
in braneworld scenarios it results in the Schwarzschild black string solution men-
tioned in the previous Section. The CFM solution I is obtained by fixing A(r) equal
to the Schwarzschild form, then determining B(r) from the field equations (4.95),
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whereas the CFM solution II follows from the same procedure but starting from a
metric coefficient A(r) of the Reissner-Nordström form [96].
CFM solution I
For the first case, the metric coefficients in Eq. (4.96) are given by
AI(r) = 1− 2M
r
, (4.97)
BI(r) =
1− 3M2 r(
1− 2Mr
) [
1− M2 r (4δ − 1)
] ≡ B(r). (4.98)
The solution (4.98) depends upon just one parameter δ and the Minkowski vacuum
is recovered for M → 0 as well as the Schwarzchild one for δ → 1. The horizon
radius r = R on the brane is then determined by the algebraic equation 1/B(R) = 0,
and this black hole is either hotter or colder than the Schwarzchild black hole of
equal mass M depending upon the sign of (δ − 1) [162]. For example, assuming
δ = 5/4, one finds two solutions equal to the Schwarzchild radius r+ = 2M .
CFM solution II
The second solution for the metric coefficients reads
AII(r) = 1− 2(2δ − 1)M
r
(4.99)
BII(r) =
1
(2δ−1)2
(
2(δ−1)+
√
1−2(2δ−1)M
r
)2
. (4.100)
In this case the classical radius R for the black hole horizon is given by R = r+
and R = r+ (δ− 1/4). A comprehensive analysis of the causal structure and further
features on both CFM solutions can be found in Refs. [162, 164, 166].
4.5.3 The Minimal Geometric Deformation (MGD) Solution
The minimal geometrical deformation (MGD) approach also generalizes GR so-
lutions also with small corrections coming, in principle, from extra dimensions.
The basic idea is to consider an effective gravitational action of the form SG =
SEH + α(corrections). The parameter α is supposed to be small in order to have
GR back when α → 0. The previous action should produce a correction to the
energy-momentum tensor, suchlike [167]
Rµν − 1
2
Rgµν = κ
2Tµν + α(additional terms)µν . (4.101)
From its part, the additional term would generate a correction to the GR solution,
lets say the Schwarzchild solution, thus producing a deformed Schwarzchild met-
ric. The procedure of obtaining a minimum deformed metric that encompass cor-
rections coming from Eq. (4.33) and having GR as a limit case is called minimum
geometrical deformation [167].
In braneworld scenarios, the brane self-gravity is encrypted in the brane tension
σ. The brane tension was previously bounded in the DMPR (Dadhich-Maartens-
Papadopoulos-Rezania) [96] and CFM solutions, by the classical tests of GR [168].
In the MGD procedure context, the bound σ & 5.19 × 106 MeV4 was obtained
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[169], providing a stronger bound, contrasted to the one provided by cosmological
nucleosynthesis. The MGD is a deformation of the Schwarzchild solution, which
naturally led back to the Schwarzchild metric when σ−1 → 0. From the effective
field equations (4.33) one argues that it suggests the inverse of the brane tension
σ−1 → 0 playing the role of the parameter α on the Eq. (4.101).
In order to proceed one departs from the effective field equations (4.33) suppos-
ing a vanishing bulk energy-momentum tensor (τµν = 0) and cosmological constant
Λ4 as well as that there is no exchange of energy between the bulk and the brane.
MGD metrics are thereafter exact solutions of Eq. (4.33) [170], yielding physical
stellar inner solutions [171], having Schwarzchild outer solution that does not jet
energy into the extra dimension [172]. Extensions of MGD and other 5D solutions
were further obtained in various contexts [115, 118, 166, 116].
The requirement that GR must be the low energy dominant regime at σ−1 → 0
derives a deformed radial component of the metric, by bulk effects, yielding [173]
B(r) = ν(r) + f(r) , (4.102)
where (hereon we denote GM
c2
7→M )
f(r) = e−I
(∫ r
0
eI
A′2
2A2
+ 2x
[
H(p, ρ,A)+
ρ2+3ρ p
σ
]
dx+ζ
)
, (4.103)
I(r) =
∫ r
r0
A′′A
A′2 −1+A
′2
A2
+ 2A
′
Ar +
1
r2
A′
2A +
2
r
dr , (4.104)
ν(r) = 1− 2M
∗
r
, (4.105)
whereM∗ = M for the outer solution (r > R) andM∗ = M(r) for the inner solution
(r ≤ R), where M(r) ∼
∫ r
0
x2ρ(x) dx. The function H in Eq. (4.5.3),
H(p, ρ,A(r)) ≡ p−
[
A′
A
(
B′
2B
+
1
r
)
+ (lnB − 1)r−2
+ lnB
(
A′′A
A′2
−1+A
′2
A2
+
2A′
Ar
)]
, (4.106)
encompasses anisotropic effects of bulk gravity, the pressure, and the density. Here
we are interested only on the outer solution. Towards r > R the deformation f(r)
in Eq. (4.102) is minimal for f(r)→ f+(r) = f(r)|p=ρ=H=0 = ζ e−I [170]. The outer
radial component in Eq. (4.102) is, accordingly
B+(r) = 1− 2M
r
+ ζ e−I . (4.107)
The parameter ζ carries the 5D correction to the vacuum, evaluated at the star sur-
face [169]. For r > R, the metric, following Eq. (4.107), reads
ds2 = A+(r) dt
2 − dr
2
1− 2Mr + f+(r)
− r2 dΩ2 . (4.108)
4.5. Braneworld Black Holes 65
With the MGD function f = f+(r) having the form [170, 118]
f+(r) =
(
1− 2M
r
)(
1− 3M
2 r
)−1 ζξ
r
, (4.109)
where ξ is a length given by
ξ ≡ R
(
1− 3M
2R
)(
1− 2M
R
)−1
. (4.110)
In this way, the deformed outer metric reads
A(r) = 1− 2M
r
, (4.111a)
B(r) =
(
1− 2M
r
)−1 [
1 +
(
1− 3M
2 r
)−1 ζξ
r
]−1
, (4.111b)
enclosing the vacuum solution in Ref. [174] in the particular case when ζ ξ = k/σ,
k > 0. The outer geometry, governed by Eqs. (4.111a) and (4.111b), has two hori-
zons:
r+ = 2M and r2 =
3M
2
− ζ ξ . (4.112)
However, one must have r2 < r+, since the approximation ζ ∼ σ−1 should hold in
the GR limit. It implies that the outer horizon is the Schwarzchild one r+ = 2M .
Note that the specific value ζ = −M/2 would produce a single horizon r+ = 2M .
In particular, ζ can be derived by considering the exact inner braneworld solution
of Ref. [170],
ζ(σ,R) = − C0
R2 σ
. (4.113)
where C0 ' 1.35. Despite being appeared for describing braneworld stars, the
MGD solution is also applied as a braneworld black hole solution [175].
In the next Chapter we shall apply and analyse the above described metric
to study the modifications on the gravitational lensing effects, when compared to
Shcwarzchild solution. In particular, we shall investigate the role of the PPN pa-
rameter and the brane tension in the MGD, on the observables derived in the strong
deflection limit.
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Chapter 5
STRONG DEFLECTION LIMIT IN GRAVITATIONAL
LENSING
The deflection of light by gravitational fields was first observed in 1919 by Dyson,
Eddington and Davidson [176], whose modern refinements have become one of the
experimental grounds of GR. Thereafter, the deflection of light was found to imply
lens effects, that could magnify or even create multiple images of astrophysical ob-
jects [177]. This was a landmark for a contemporary field of research, known as
gravitational lensing (GL). The works by Liebes [178] and Refsdal [179] developed,
in the theory of gravitational lensing, the so called weak deflection limit (WDL),
where the lens equations and the expression for the deflection angle are quite sim-
plified, hence allowing one to solve them exactly. The predictions of the theory,
in this regime, have been thoroughly supported by experiments and observations.
It is worth mentioning, for example, the observation of twin quasars separated by
arc-seconds (arcsec), at same redshifts and magnitudes [180], images of distorted
galaxies inside another galaxy [181], among others [182]. Fig. 5.1 shows the kind of
deflection appropriately described by the WDL.
Photon sphere
Black hole
Source
Observer
◦
FIGURE 5.1: Typical deflection of photons’ trajectory by gravitational fields. The
concept of photon sphere shall be defined in the next section.
With all this success in the weak field limit, the question about what happens in
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the strong field regime was driven by the possibility of existence of galactic super-
massive black holes at the centre of our galaxy. The subject was brought back by
Virbhadra and Ellis [183], who theoretically investigated the strong field region of
a Schwarzschild type lens. They found that, in the strong field regime, the theory
predicts a large number of images of an observed object – theoretically, an infinite
sequence of images, with an adherent point. The result contrasts with a pair of
images, or an Einstein ring, predicted in the weak field limit regime. Following
the work of Virbhadra and Ellis, Bozza [184, 2] has found an interesting simplifica-
tion for the lens equation beyond the WDL, finding the expression for observable
quantities in the so-called strong deflection limit (SDL) regime. Bozza proved that,
when the angle between the source and the lens tends to zero, the deflection angle
diverges logarithmically. Furthermore, it can be integrated up to first order, from
where the GL observables can be derived.
◦
FIGURE 5.2: Sketch of the non-linear lensing deflection effect present in the SDL
regime.
In a series of papers, Keeton and Petters studied a general framework for the
weak field limit, comprising the case of a static and spherically symmetric solution
[185], the post-Newtonian metrics [186] and brane-world gravity [187]. Whisker
considered the gravitational lensing at the strong deflection limit [188] as a way
to seek for signatures of solutions of five-dimensional (5D) brane-world gravity.
For some 5D brane-world solutions, the differences in the observables were found
to be very small from the 4D Schwarzschild case. Thereafter, Bozza revised the
theoretical and observational aspects of gravitational lensing produced by black
holes [189]. In a recent paper, the SDL approach was applied to study Galileon
black holes [190].
In this chapter, we apply the SDL to obtain the GL observables for two remark-
able black hole solutions beyond GR, namely the Casadio-Fabbri-Mazzacurati and
the Minimal Geometric Deformation, both introduced in the previous chapter. The
results support the fact that an increasing precision of some astronomical observa-
tion could allow us to fully apply the SDL approach. Not only to distinguish black
hole flavours, but also to test deviation of GR predicted by alternative theories of
gravity.
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5.1 Exact Solutions, the Weak and the Strong Deflection Limit
Whenever bending of light by gravitational fields is detected in astronomical obser-
vations, it is generally very weak. This leads to the conclusion that the first order
Einstein formula for the deflection angle is sufficient to explain all observed phe-
nomenology. On the other hand, in the neighbourhood of compact astronomical
objects, electromagnetic radiation travels through very strong gravitational fields.
In such extreme cases, the calculation of the deflection of photons needs to be
pushed beyond the first order approximation on which the Einstein formula re-
lies. The SDL was proposed in order to contemplate lensing effectes generated by
those compact objects. Now we are going to discuss some basic features and appli-
cabilities of both approaches, namely the WDL and SDL.
Consider a ray of light that travels from a source S to an observer O. If there exist
local matter inhomogeneities in between them, the gravitational field along its tra-
jectory will continuously deflect it. Such deflection is similar to the light deflection
by lens, hence the phenomena became known as gravitational lensing.
The general setup of a gravitational lens is depicted in Fig. 1. The light of a
source S is deflected by the gravitational field of the lens L. The image of S appears
to the observer O in a position characterised by the angle θ, rather than the angle
β. The deflection is then given by the angle α. A basic assumption here is that the
source and the observer are far from the lens, in an asymptotic flat region. Thus the
light ray is assumed to be coming in a straight line from infinity. As it approaches
the lens it is deflected by an angle α, finally going to infinity again in a straight
line. In such setup, the deflection angle can be obtained by integrating the null
geodesics.
◦ ◦
Dos
O
L
S I
Dls
Dol
u
β
θ
r0
α
FIGURE 5.3: Gravitational lensing setup, where r0 is the closest approximation of
the light rays to the lens and u denotes the impact parameter.
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Here we are interested in spherically symmetric solutions of the Einstein Equa-
tions, whose general form, adopting the (+,−,−,−)1 signature, is given by
ds2 = A(r)dt2 −B(r)dr2 − r2(dϑ2 + sin2 ϑdφ2). (5.1)
According to the above setup, let us suppose that a photon comes from an infinite
distance, approaches the black hole at a minimum distance r0 and goes away to in-
finity. The deflection angle, defined as the angle between the asymptotic incoming
and outgoing trajectories, is then twice the deflection between the trajectory at r0
and infinity. It can be derived from the geodesics equations (see [191] for a detailed
derivation)
α = 2
∞∫
r0
u
r
√
B(r)
r2/A(r)− u2 dr − pi
≡ I(r0)− pi (5.2)
where u is the impact parameter, which gives a mesure of the distance between the
black hole and each of the asymptotic photon trajectories [191]. It is related to the
closest approach distance r0 by
u2 =
r20
A(r0)
. (5.3)
The impact parameter is a constant of motion and, in the case of massive particles,
is proportional to the angular momentum per unit mass. It is also related to the
angle θ, as can be seen from Fig. 5.3, by
sin θ =
u
Dol
. (5.4)
There is no analytical solution to the equation (5.2) in terms of standard functions.
However, an approximation has been used with great success since the early times
of general relativity: the weak deflect limit. In this case the light is assumed to be
propagating far from the lens (r ≥ r0  2M ), resulting in a small gravitational
field, and consequently a small deflection angle. The resulting deflection angle, for
the Schwarzschild metric, is given by2 (see [192] for a detailed derivation)
αWDL = 4M/u. (5.5)
An exact solution was found by Darwin [193, 194, 27], in terms of elliptic inte-
grals. The solution reads
α = −pi + 4
√
r0/sF (ϕ,m), (5.6)
1Such signature shall be adopted up to the end of this chapter.
2From here up to the end of this section, except for the photon sphere equation, we are going to
deal only with the Schwarzschild solution.
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where F (ϕ,m) =
ϕ∫
0
dϑ√
1−m sin2 ϑ
is the elliptic integral of the first kind and
s =
√
(r0 − 2M)(r0 + 6M) (5.7)
m = (s− r0 + 6M)/2s (5.8)
ϕ = arcsin
√
2s/(3r0 − 6M + s). (5.9)
In order to compare the above results, we have to express both in terms of the same
variable, as the first is a function of u and the second of r0. We choose to express
both in terms of u, as it is a constant of motion and hence coordinate independent.
However let us first, as a matter of simplification and being able to numerically
solve the elliptic integral, express the parameters of the deflection angles in units
of Schwarzschild radius,
αWDL = 2/u, (5.10)
α = −pi + 4
√
r0/sF (ϕ,m), (5.11)
s =
√
(r0 − 1)(r0 + 3) (5.12)
m = (s− r0 + 3)/2s (5.13)
ϕ = arcsin
√
2s/(3r0 − 3 + s). (5.14)
The Eq. (5.11) can be expressed as a function of u by using the Eq. (5.3). Thus we
have r0(u) as the real solution to the equation3 r30−u2r0 +u2 = 0. Now we are able
to compare the deflection angle in both approaches. The results are shown in Fig.
5.4. There we can see that the WDL gives a very accurate result for large impact
parameters, which means large minimum distance between the photons’ trajectory
and the lens. It agrees, as expected, with the basic assumptions of the WDL.
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FIGURE 5.4: Comparison between the deflection angle from the exact solution and
the one given by the WDL, both using the Schwarzsschild metric.
Despite the good accuracy of the WDL for large u, it does not catch the diver-
gence of the deflection angle when u → 3√3M ≡ um. Such phenomena emerge
as a result of the full non-linear regime of GR. Large deflection angle means that
3Already in units of Schwarzschild radius.
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the light ray is deflected by α ∈ [2npi, 2(n + 1)pi], performing n complete loops
around the black hole before leaving it. The images originated from those photons
are known as relativistic images [183]. Photons with impact parameters smaller
than um are simply captured by the black hole’s gravitational field and fall into the
horizon. A light ray with impact parameter exactly equal to um, on the other hand,
would perform an infinite number of loops as r → rm indefinitely. The length rm is
also called the radius of the photon sphere, a null surface that, on the Schwarzschild
space-time, is characterized by the the statements [183, 195]:
• Any future endless null geodesic starting at some point with r > rm and
initially directed outwards, will continue outwards and escape to infinity;
• Any future endless null geodesic starting at some point with r < rm and
initially directed inwards, will continue inwards and fall into the black hole;
• Any null geodesic starting at some point of the photon sphere, and initially
tangent to it, will remain on the photon sphere.
◦
FIGURE 5.5: Trajectory of photons tangentially reaching the photon sphere and
captured in a circular orbit.
In spherically symmetric space-times, the photon sphere can also be defined as the
boundary surface whose radius satisfies the photon sphere equation [2]. See [195]
for general definitions and rigorous results concerning it. The photon sphere can
be found by combining the above last statement (Fig. 5.5) with the metric and the
radial geodesic equations. At first, by isotropy, we consider the orbit of the photons
to be confined to the equatorial plane (ϑ = pi/2). As we are interested in circular
orbits, the radial derivatives must be null. Thus, from the metric (5.1) it follows(
dφ
dt
)2
=
A(r)
r2
. (5.15)
Likewise, from the radial geodesic equation it follows(
dφ
dt
)2
=
A′(r)
2r
. (5.16)
Combining those equations we finally find the photon sphere equation
A(r)
r
=
A′(r)
2
. (5.17)
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It has been shown that the divergence of the deflection angle, as the closest
approximation r0 tends to the photon sphere, is logarithmic [2]. Doing the appro-
priate expansion around rm, as we are going to discuss in the next section, the
expression for the deflection angle in the SDL reads [2]
αSDL = − log(u/um − 1) + log
[
216(7− 4
√
3)
]
− pi, (5.18)
which is compared to the exact result in Fig. 5.6.
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FIGURE 5.6: Comparison between the deflection angle from the exact solution and
the one given by the SDL. For α ≈ 2pi the estimated error about 0.06% [2]
Now it is clear that both the WDL and SDL approximations have good accuracy
on their range of applicability. The equations of the WDL are simple and effective
for light rays travelling far from the lens. Their predictions have been successfully
tested for decades. The n-loop images, although, are missed in the WDL. However,
as it keeps the non-linearity of GR, those images can be well-described using the
SDL approximation. Fig. 5.7 compares the deflection angle predicted by the three
regimes in a range distance corresponding to 3M < r0 . 12.87M .
um
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FIGURE 5.7: Comparison between the deflection angle from the exact solution and
the one given by both the WDL and SDL.
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The WDL and SDL approximation are both great theoretical achievements of
gravitational lensing. The later, however, has not been fully explored due to obser-
vational limitations. Its predictions are still beyond the current precision.
In the next section we are going to derive the SDL coefficients for the metric
(5.1), following the seminal Bozza paper [2].
5.2 The SDL coefficients for Spherically Symmetric Space-
Times
Here we are interested in the full non-linear regime of GR, that translates in consid-
ering the light trajectory in the neighbourhood of compact objects like black holes.
The basic equations that we are going to use in this regime were introduced by
Bozza et al in the references [184, 2]. Their idea was to split the integral of the equa-
tion (5.2) into a singular and a regular part. Doing so, they were able to show that
the singular part has a logarithmic divergence, which could be expanded and ap-
propriately approximated. The regular part, on the other hand, could be calculated
numerically and added to the final result.
Let us establish a simplified notation: in this section we are going to denote
A(r0) ≡ A0 as well as A′(r0) ≡ A′0 and A′′(r0) ≡ A′′0 . The equations are derived as
follows. By doing the change of variables
z =
A(r)−A(r0)
1−A(r0) ≡
A(r)−A0
1−A0 , (5.19)
the integral (5.2) becomes
I(r0) =
1∫
0
R(z, r0)f(z, r0)dz, (5.20)
with
R(z, r0) = 2
√
B(r(z))A(r(z))
r(z)2A′(r(z))
(1−A0) r0, (5.21)
and
f(z, r0) =
1√
A0 − [(1−A0) z +A0] r
2
0
r(z)2
. (5.22)
The metric coefficients, initially depending on r, are made z dependent by ex-
pressing r as a function of z. It is done by inverting the equation (5.19), with
r(z) = A−1 [(1−A(r0)) z +A(r0)]. In the Eq. (5.20) it was assumed that the space-
time is asymptotically flat.
As is straightforward to see, the divergence is carried by f(z, r0), when z → 0.
Its analysis is made by expanding the argument of the square root in f(z, x0), up to
the second order in z. Performing the expansion gives
f(z, r0) = f0(z, r0) +O(z−3/2) (5.23)
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where
f0(z, x0) =
1√
κz + ηz2
(5.24)
and
κ = κ(r0) =
1−A0
r0A′0
(
2A0 − r0A′0
)
(5.25)
η = η(r0) =
(1−A0)2
r20A
′
0
3
[
2r0A
′
0
2 − 3A0A′0 − r0A0A′′0
]
. (5.26)
Here the identities (A−1)′(A0) = 1/A′0 and (A−1)′′(A0) = −A′′0/A′03 have been used
in order to get the above results. Using the approximation f(z, r0) ≈ f0(z, r0), the
divergence in (5.20) occurs when κ→ 0. From the Eq. (5.25) we see that it happens
when 2A0 − r0A′0 = 0, which is equivalent to the Eq. (5.17), for the radius rm of
the photon sphere. It simply means that, as expected, the deflection angle diverges
when the closest approximation coincides with the photon sphere. The key point
now is to rewrite the Eq. (5.20) as
I(r0) =
1∫
0
R(z, r0)f(z, r0)dz
=
1∫
0
{
R(z, r0)f(z, r0)− [R(z, r0)f0(z, r0)−R(z, r0)f0(z, r0)]z→0,r0→rm
}
dz
=
1∫
0
[R(z, r0)f(z, r0)−R(0, rm)f0(z, r0)] dz +
1∫
0
R(0, rm)f0(z, r0)dz
≡
1∫
0
g(z, r0)dz +
1∫
0
R(0, rm)f0(z, r0)dz
≡ IR(r0) + ID(r0). (5.27)
with4
R(0, rm) =
√
B(rm)
A(rm)
[1−A(rm)]. (5.28)
Then the integral I(r0) splits into a regular part IR(r0) and a divergent part ID(r0).
As mentioned before, the regular part could be numerically integrated and added
to the final result. It will be denoted as bR. The divergent part can be expanded at
the photo sphere neighbourhood, yielding [2]
ID(r0) = −a log
(
r0
rm
− 1
)
+ bD +O(r0 − rm), (5.29)
4We have used the Eq. (5.17).
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and the coefficients
a =
R(0, rm)√
η
∣∣∣∣
r0=rm
(5.30)
bD =
R(0, rm)√
η
log
2(1−A0)
A′0r0
∣∣∣∣
r0=rm
. (5.31)
Up to first order in (r0 − rm), the deflection angle can then be expressed as
α(r0) ≈ −a log
(
r0
rm
− 1
)
+ bD + bR − pi. (5.32)
This is the approximation of the SDL for α, depending on the minimum distance
r0.
5.2.1 SDL Coefficients for α(θ)
The distance r0 is not an observable quantity, in this sense seems reasonable that
the angle θ is more suitable to be the dependent variable of the function α. The
impact parameter is connected to both quantities by the Eqs. (5.3) and (5.4), with
the latter being approximated to u = θDol for small θ. Those facts can thus be used
to convert α(r0) into α(θ). In fact, from the Eq. (5.3), the impact parameter on the
photon sphere is
um =
r0√
A0
∣∣∣∣
r0=rm
≡ rm√
Am
. (5.33)
The quantity u− um can be expanded around r0 = rm as
u− um = χ (r0 − rm)2 , (5.34)
with χ given by
χ =
2Am − r2mA′′m
4rm
√
A3m
. (5.35)
Rearranging the Eq. (5.34) reads√
um
χr2m
√
u
um
− 1 = r0
rm
− 1. (5.36)
Inserting it into the Eq. (5.32) we finally have
α(θ) ≈ −a log
(√
um
χr2m
√
u
um
− 1
)
+ bD + bR − pi
= −a
2
log
(
u
um
− 1
)
+
a
2
log
(
χr2m
um
)
+ bD + bR − pi
≡ −a¯ log
(
θDol
um
− 1
)
+ b¯, (5.37)
(5.38)
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where the SDL coefficients a¯ and b¯ are given by,
a =
a
2
=
R(0, rm)
2
√
ηm
(5.39)
and
b =
a
2
log
(
χr2m
um
)
+ bD + bR − pi. (5.40)
Those coefficients play a prominent role on the observables of the SDL regime. We
shall better discuss how it allows the derivation of observable quantities for the
gravitational lensing in Sect. 5.4. In the next section we are going to obtain the
coefficients for the CFM and MGD solutions.
5.3 Deflection and Coefficients of the MGD and CFM Solu-
tions
Before calculating the SDL coefficients of the CFM and MGD solutions we are going
to, as a matter of comparison, calculate the same coefficients of the Schwarzschild
solution. Its strong deflection limit gravitational lensing was studied in Ref. [184].
Those coefficients will also be used on the comparison between observables that
we are going to do in the next section.
As it is well known, the Schwarzschild solution, in Schwarzschild units5, is
given by
ds2 =
(
1− 1
r
)
dt2 −
(
1− 1
r
)−1
dr2 − r2(dϑ2 + sin2 ϑdφ2) (5.41)
The integrands of the regular part IR(r0), namely R(z, x0) and f(z, x0), read
R(z, x0) = 2 (5.42)
f(z, x0) =
1√
(2r0 − 3) zr0 + (3− r0) z
2
r0
− z3r0
. (5.43)
From Eqs. (5.25) and (5.26) we find κ and η, the expansions coefficients of f(z, x0)
κ = 2− 3
r0
(5.44)
η =
3
r0
− 1. (5.45)
As its solution coincides with the one for the photon sphere equation, the equation
κ = 0 gives us the radius of the photon sphere
rm =
3
2
, (5.46)
following
ηm = 1. (5.47)
5Up to the end of this chapter, the lenghs shall be given as multiples of the Schwarzschild radius
rs, such that rs = 1.
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For the regular integral IR(r0), there is no necessity for numerical integration in
this case, as it can be integrated analytically, yielding
bR = 2 log
[
6
(
2−
√
3
)]
. (5.48)
From Eqs. (5.39), (5.40) and (5.33) follow the coefficients a, b and um of the
deflection angle
a = 1 (5.49)
b = −pi + bR + log 6 ≈ −0.4002 (5.50)
um =
3
√
3
2
≈ 2.5981. (5.51)
Then the Schwarzschild deflection angle, in the strong field limit, is then
α(θ) = − log
(
2θDol
3
√
3
− 1
)
+ log
[
216
(
7− 4
√
3
)]
− pi. (5.52)
5.3.1 MGD
Here we are going to deal with the MGD solution introduced in the previous chap-
ter. Its metric coefficients are
A(r) = 1− 1
r
(5.53)
B(r) =
(
1− 1
r
)−1 [
1 +
(
1− 3
4 r
)−1 ζξ
r
]−1
, (5.54)
C(r) = r2. (5.55)
From the regular part of IR(r0) we find
R(z, x0) = 2
√
(3r0 + 4z − 4)r0
4ζξ(z − 1)2 + r0(3r0 + 4z − 4) (5.56)
f(z, x0) =
1√
(2r0 − 3) zr0 + (3− r0) z
2
r0
− z3r0
. (5.57)
The function f(z, x0) is identical to one of the Schwarzschild case, thus the same
happens for κ and η
κ = 2− 3
r0
(5.58)
η =
3
r0
− 1, (5.59)
as well as for rm = 3/2 and ηm = 1. The integral IR(r0) is not solved analytically,
we shall simply represent it as bR.
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We use again Eqs. (5.39), (5.40) and (5.33) to find the coefficients
a =
√
3
16ζξ + 3
, (5.60)
b = −pi + bR +
√
3
16ζξ + 3
log 6, (5.61)
um =
3
√
3
2
≈ 2.5981. (5.62)
Using the above coefficients we find the MGD deflection angle,
α(θ) = −
√
3
16ζξ + 3
log
(
2θDol
3
√
3
− 1
)
+ bR +
√
3
16ζξ + 3
log 6− pi. (5.63)
Fig. 5.8 shows the behaviour of the SDL coefficients, upon varying the parameter
ζ of the MGD solution. We assumed the value of 1.437RS for the parameter ξ,
according to the reason mentioned in the next section.
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FIGURE 5.8: SDL coefficients for the MGD solution as functions of the parameter
ζ in Eq. (5.54).
5.3.2 CFM I & II
Now the coefficients for both CFM solutions will be calculated. We start by the
CFM I:
AI(r) = 1− 1
r
(5.64)
BI(r) =
1− 34 r(
1− 1r
) [
1− 14 r (4δ − 1)
] (5.65)
CI(r) = r
2. (5.66)
As in the previous cases, the integrands of IR(r0) are
R(z, x0) = 2
√
4r0 + 3z − 3
4δ(z − 1) + 4r0 − z + 1 (5.67)
f(z, x0) =
1√
(2r0 − 3) zr0 + (3− r0) z
2
r0
− z3r0
. (5.68)
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Again f(z, x0), κ, η, rm and ηm are all identical to the Schwarzschild case. The inte-
gral IR(r0) is denoted by bR(r0, δ). Finally the coefficients of the strong deflection
limit are
a =
√
3
7− 4δ , (5.69)
b = −pi + bR(r0, δ) +
√
3
7− 4δ log 6, (5.70)
um =
3
√
3
2
. (5.71)
Leading to the deflection angle
α(θ) = −
√
3
7− 4δ log
(
2θDol
3
√
3
− 1
)
+
√
3
7− 4δ log 6 + bR(r0, δ)− pi. (5.72)
For the CFM II, the metric coefficients are
AII(r) = 1− 2δ − 1
r
(5.73)
BII(r) =
1
(2δ−1)2
(
2(δ−1)+
√
1− 2δ−1
r
)2
(5.74)
CII(r) = r
2. (5.75)
The integrands of IR(r0) read
R(z, x0) = 2
√2δ(z − 1) + r0 − z + 1
r0
+ 2δ − 2
[(2δ(z − 1) + r0 − z + 1)
(1− 2δ)2r0
]1/2
f(z, x0) =
[
r0
z [((3− z)z − 3)2δ − (r0 + 3)z + 2r0 + z2 + 3]
]1/2
, (5.76)
with the coefficients κ and η
κ =
2r0 + 3− 6δ
r0
(5.77)
η = −r0 + 3− 6δ
r0
. (5.78)
For this case we have rm = (6δ−3)/2 and ηm = 1. Denoting again IR(r0) as bR(r0, δ)
we can find the SDL coefficients
a =
[
6δ +
√
3
√
5− 4δ − 6
3(1− 2δ)
]√
5− 4δ
12δ − 9 , (5.79)
b = −pi + bR(r0, δ) + a log 6(4δ − 3)
5− 4δ , (5.80)
um =
3
√
3
2
√
1
5− 4δ , (5.81)
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and the deflection angle
α(θ) = −a log
(
2θDol
3
√
3
√
5− 4δ − 1
)
+ a log
6(4δ − 3)
5− 4δ + bR(r0, δ)− pi. (5.82)
Figs. 5.9 and 5.10 show that, for the CFM I and CFM II solutions, the coefficients
do not have an appreciable variation in the allowed range of the parameter δ. It also
can be seen in Table 5.3. It is worth mentioning that the lines in Figs. 5.9 and 5.10 are
not really straight, but just a resolutional consequence of the tiny range determined
by the (currently observed) PPN parameter δ. Furthermore, Figs. 5.8, 5.9 and 5.10
show that the SDL coefficients are smooth in the allowed range.
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FIGURE 5.9: SDL coefficients for the CFM I solution, as functions of the PPN pa-
rameter δ.
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FIGURE 5.10: SDL coefficients for the CFM II solution, as functions of the PPN
parameter δ.
5.4 Observables in the strong deflection limit6
One of the important aspects of the SDL approach is the potential to identify dif-
ferent black hole solutions. However, the applicability of the approach is hugely
increased by the possibility of testing extensions of GR. In fact, any testable features
of theories beyond GR could provide us important hints on the nature of gravity,
in such regimes. Our aim, in this section, is to identify the deviation of the MGD
6We have published the results of this section in Ref. [5].
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and CFM solutions from the classical Schwarzschild black hole. It is accomplished
by analysing the observables of the SDL found in Ref. [2] as well as the time delay
of relativistic images [196] and, subsequently, comparing them with the standard
Schwarzschild one.
Some observable features of the SDL regime can be calculated using only the
photon sphere impact parameter um and the expansion coefficients a¯ and b¯. The
first observable introduced in [2] is the angular position θ∞ of the accumulating
relativistic images, which tends to the angular position of the photon sphere. The
second, denoted by s, is related to the distance of relativistic images. It is defined as
the angular distance between the largest and smallest orbit of the light rays winding
around the black hole. The third one is the magnification of the images after the
lensing effect.
Despite the angle α between the lens and the image being large in the SDL, the
effects are more prominent when the source, the lens, and the observer are highly
aligned (β ≈ 0 in Fig. 5.3) [183]. It means that the deflection angle α should be a
small deviation of 2npi, that is α(θ) = 2npi + ∆αn, with ∆αn small. The next step
is to find the angles θ0n such that α(θ0n) = 2npi, which represents a null deviation
∆αn, and expand α(θ) around θ0n. Hence, the lens equation (5.37) straightforwardly
yields
θ0n =
um
Dol
[
1 + exp
(
b¯− 2npi
a¯
)]
, (5.83)
resulting in
∆αn =
a¯Dol
um exp
(
b¯−2npi
a¯
)(θ0n − θ). (5.84)
It allows one to define the two following observables,
θ∞ ≡ lim
n→∞ θ
0
n =
um
Dol
, (5.85)
s ≡ θ1 − θ∞ = θ∞ exp
(
b¯− 2pi
a¯
)
. (5.86)
The magnification resulting from the lensing effect, defined as the ratio of the flux of
the image to the flux of the non lensed source [183], is the third observable quantity
in the SDL regime. Given the flux
µ =
sin θ
sinβ
(
dβ
dθ
)−1
, (5.87)
the ratio of flux of the images to the flux of the source, expressed as function of the
SDL coefficients, reads [2, 189]
k =
µ1∑∞
n=2 µn
= exp
(
2pi
a¯
)
. (5.88)
Another useful information that can be extracted from the SDL regime and its
coefficients is the time delay of relativistic images. A simple formula was derived
by Bozza and Mancini in [196], relating the delay between the n-loop image and
the m-loop image. According to their result, when the lens and the observer are
nearly aligned and the black hole has spherical symmetry, the time delay is given
by
∆Tn,m = T
0
n,m + T
1
n,m , (5.89)
where
∆T 0n,m = 2pi(n−m)um , (5.90)
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Schwarzschild MGD
(ζ ≡ 0) ζ = −1.69× 10−2 1.31×10−2 4.31×10−2
θ∞ (µarcsec) 20.21 26.21 26.21 26.21
s (µarcsec) 0.0328 0.0291 0.0452 0.0136
km 6.82 6.09 7.34 8.41
um/RS 2.6 2.6 2.6 2.6
a¯ 1 1.12 0.93 0.81
b¯ −0.4002 −0.8459 −0.1715 0.1499
∆T2,1 16.573 16.646 16.529 16.457
∆T2,1(min) 10.93 10.97 10.90 10.85
TABLE 5.1: Observables in the strong deflection limit for the MGD solution.
and the first correction is given by
∆T 1n,m =2
√
Bm
Am
√
um
χ
exp
(
b¯
2a¯
)[
exp
(
−pim
a¯
)
− exp
(
−pin
a¯
)]
.
The first correction T 12,1, in the Schwarzschild case, was shown to contribute with
only 1.4% to the total time delay [196]. The cases analysed in the present chapter
lead to a correction of order of 0.2 − 2%, 1.5% and 0.0005%, for the MGD, CFM I,
and CFM II metrics, respectively.
Having introduced all the observable quantities, now we can use the known
data from Sagittarius A∗, the galactic supermassive black hole at the center of our
galaxy, to compare SDL lensing results of the Schwarzschild, MGD, and CFM so-
lution. The observables and the SDL coefficients for MGD and CFM solutions are
displayed in Tables 5.1, 5.2, 5.3 and 5.4. In both cases we calculated the results con-
sidering the allowed range of the parameter ζ for the MGD metric and the δ for the
CFM metrics. We have used the recent results for the mass and distance of Sagit-
tarius A∗, updating also the results for the Schwarzschild black hole. According
to [197], they are given by M = 4.02 × 106M and Dol = 7.86 kpc respectively.
In what follows, the value R = 1.437RS , regarding the MGD solutions, shall be
taken into account in ξ, corresponding to a compact object surface, by considering
the current value for the cosmological constant in the matching conditions at the
compact object surface. In addition, in the tables below we denote km = 2.5 log k
as the magnitude; um/RS is the normalised minimum impact parameter; ∆T2,1
denotes the time delay between the 1-loop and 2-loop relativistic images given in
Schwarzschild time (2GM/c3 ≈ 39, 56s) and ∆T2,1(min) is the same time delay,
given in minutes. It should be noticed that θ∞ and s are converted from radians to
arcsec.
The effects of gravitational lensing in the strong field regime are concretely no-
ticeable wherein the thorough capture of the photon by the black hole is regarded.
Regarding both the CFM solutions, and the MGD of GR, we calculated the observ-
ables of the gravitation lensing of a background source in the strong field regime.
The angular difference s from the outmost image and the adherent point formed by
the other images; the parameter km that reveals the image magnification; the nor-
malised minimum impact parameter um/RS were studied, unravelling a possible
observable signature for the CFM I, the CFM II, and the MGD solutions. Moreover,
the delay between relativistic images is significant for MGD and CFMII solutions,
being a potentially key information on the characterisation of the solution that may
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Schwarzschild MGD
(ζ ≡ 0) 7.31×10−2 10.31×10−2 13.31×10−2
θ∞ (µarcsec) 20.21 26.21 26.21 26.21
s (µarcsec) 0.0328 0.0074 0.0040 0.0022
km 6.82 9.36 10.22 11.00
um/RS 2.6 2.6 2.6 2.6
a¯ 1 0.73 0.67 0.62
b¯ −0.4002 0.3225 0.4203 0.4759
∆T2,1 16.573 16.413 16.385 16.366
∆T2,1(min) 10.93 10.82 10.80 10.79
TABLE 5.2: Observables in the strong deflection limit for the MGD solution.
Schwarzschild CFM I
(δ ≡ 1) δ = 1.001 1.002 1.003
θ∞ (µarcsec) 26.21 26.21 26.21 26.21
s (µarcsec) 0.0328 0.0329 0.0331 0.0332
km 6.82 6.817 6.813 6.808
um/RS 2.6 2.6 2.6 2.6
a¯ 1 1.0007 1.0013 1.0020
b¯ −0.4002 −0.4007 −0.4011 −0.4016
∆T2,1 16.573 16.574 16.574 16.575
∆T2,1(min) 10.93 10.93 10.93 10.93
TABLE 5.3: Observables in the strong deflection limit for the CFM I solution.
Schwarzschild CFM II
(δ ≡ 1) δ = 1.001 1.002 1.003
θ∞ (µarcsec) 26.21 26.26 26.31 26.36
s (µarcsec) 0.0328 ∼ 10−8 ∼ 10−8 ∼ 10−8
km 6.82 20.436 20.410 20.377
um/RS 2.6 2.6 2.61 2.61
a¯ 1 0.3338 0.3348 0.3348
b¯ −0.4002 −0.5368 −0.5364 −0.5361
∆T2,1 16.573 16.357 16.390 16.422
∆T2,1(min) 10.93 10.78 10.81 10.83
TABLE 5.4: Observables in the strong deflection limit for the CFM II solution.
84 Chapter 5. Strong Deflection Limit in Gravitational Lensing
model the supermassive black hole in the centre of our galaxy. The typical signa-
ture of CFM I, CFM II, and MGD solutions are, mainly, observable by the param-
eters km and θ∞, as well as the time delay. It is worth mentioning that the CFM
II solution is hugely different, when compared to the Schwarzschild, CFM I, and
MGD solutions, in what regards the parameter the magnitude km. The signatures
of the MGD, on the other hand, could be evinced by the combinations of the pa-
rameters km and s. However, even the difference on the values of s for the MGD
and Schwarzschild being potentially higher than one order of magnitude, it is still
a little beyond resolution ESA satellite mission, which can reach 7 µarcsec [198].
Thus, from the observational perspective, the astrophysical data should be better
improved in order to apply the thorough potential of the gravitational lensing in
the strong field regime.
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Chapter 6
QUANTUM BLACK HOLES AND THE HORIZON
WAVE FUNCTIONS FORMALISM
Physics laws are well known to hold on their respective appropriate scale. It makes
physicists to deal with a wide range of fields, from quantum mechanics to cos-
mology, and scale dependent phenomena occurring in between them. In the last
century, reaching higher energies has allowed us to look closer to the structure of
matter. It raises the question: assuming higher energies are achieved, could we
always study smaller structures? Or there is a limit beyond which we cannot go?
Rather this limit exists or not, any answer to these questions must take quantum
mechanics into account. However, such a high energy in small volumes should
change the space-time itself, thus one also cannot neglect the curvature of the back-
ground. Therefore gravity plays a prominent hole in such an extreme scenario.
In this chapter we are going to discuss a recent proposal to study phenomeno-
logically gravity and quantum mechanics, the so called horizon wave function. Be-
sides its simplicity interesting results can be extracted from such approach. One
of then is a new derivation of the generalized uncertainty principle. The horizon
wave function is also applied in extra dimensional scenarios.
6.1 Minimum Length and GUP
In recent years efforts have been made in order to, at least theoretically, find a rea-
sonable answer to the questions placed at the beginning of the chapter. The in-
teresting fact is that minimum lengths are predicted from different approaches to
quantum gravity, as string theory [199, 200, 201], loop quantum gravity [202], quan-
tum black holes [203, 204], among others (see [205, 206, 207, 208] for recent reviews
). Some of those efforts have led to the so called Generalized Uncertainty Principle
(GUP), from where a minimum length raises naturally.
Let us start with an heuristic argument for introducing the idea of a minimum
length scale. From optical microscopes, we know that for probing structures of a
certain length ∆x we have to use photons whose wavelength is smaller than ∆x,
demanding high energetic photons for tiny ∆x. On the other hand, when gravity
is taken into account, there exists the possibility that the amount of energy neces-
sary for probing the structure is high enough to form a horizon. In this case a black
holes would be formed and the observation would not be completed. We can thus
associate a minimum length to the length given by the inverse of the minimum en-
ergy necessary to form a black hole in the previous thought experiment. A general
criteria for deciding if a highly dense region would or not become a black hole is
the Kip Thorne’s hoop conjecture [209]. It states that a black hole is formed if an
amount of energy ω is compacted at any time into a region whose circumference
in every direction is R ≤ 4piGω. The hoop conjecture has not been proved yet,
however there are analytical and numerical results that corroborates it [210, 211].
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Now assume that we have a particle of energy ω. Its extensionR has to be larger
than the Compton wavelength associated to the energy, so R ≥ 1/ω. Thus a larger
energy implies better focus on the particle. However, according to the hoop con-
jecture a black hole with radius 2Gω is formed if the extension drops below 4GEω.
The minimal length expected to be achievable before the black hole formation is
the Planck length `p =
√
~G/c3 ∼ 10−35m, which is way above the current experi-
mental capacity. As a result, the interesting fact is that the Planck length is not only
the smallest scale in particle physics, but also the smallest admissible size of a black
hole.
In quantum mechanics one of the key features of the theory is the Heisenberg
Uncertainty Principle (HUP), which states that
∆x∆p & ~. (6.1)
The HUP means that we cannot know precisely the position and momentum of
the particle simultaneously. Any increment of precision in the position results in a
decrement precision in the momentum and vice versa.
Suppose now that, for some reason, when we approach the quantum gravity
scale the HUP changes to a deformed version [207], as
∆x∆p & ~
(
1 + α(∆p)2
)
(6.2)
or equivalently
∆x & ~
(
1
∆p
+ α∆p
)
. (6.3)
In this case, the above interpretation concerning the precision of position and mo-
mentum is no longer valid. In fact, for increasing momentum the system could
reach a state where not even the inequality (6.2) is still valid. Analogously to the
heuristic discussion above, this point characterizes a scale, that is, the minimum
scale length ∆x such that the inequality (6.2) remains valid.
The apparent arbitrary deformation on the HUP is not as arbitrary as one could
think. Actually that is the expression for the GUP emerging from different ap-
proaches to quantum gravity phenomenology [206, 208] and, as we are going to
see in this chapter, from the horizon have function formalism [212].
From the many different derivations of the GUP, the one obtained by Maggiore
[204] figures among the most famous. He derives the GUP from a thought experi-
ment of measuring the area of the apparent horizon of a black hole in the quantum
gravity regime. The experiment consists in observing photons scattered by a black
hole and use them to reconstruct the apparent horizon. Recording photons scat-
tered due to Hawking radiation, in principle we would be able to obtain an "im-
age" of the black hole and capturing photons from different angles locate its center.
We thus would be able to measure the horizon radius. The measuring process is
subject to two different source or errors. The first one comes from the limitations
of the HUP as described above, where the observer plays the role of a microscope
and
∆x(1) ∼ λ
sin θ
, (6.4)
where θ is the scattering angle. The second source of error comes from the effect
of the Hawking radiation itself, according to the horizon radius decreases from
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2(M + ∆M) to 2M . Here ∆M = h/λ is the energy of the emitted photon. The
corresponding error is intrinsic to the measurement and it value is
∆x(2) ∼ 2G∆M, (6.5)
or equivalently
∆x(2) ∼ 2Gh
λ
. (6.6)
Using the inequality λsin θ ≥ λ and combining linearly the errors ∆x(1) and ∆x(2)
one obtains
∆x & λ+ α2Gh
λ
∼ h
∆p
+ α2G∆p, (6.7)
which coincides with the GUP introduced previously.
A strength of the Maggiore’s above derivation is that the only assumption made
is, besides the linear combination of the errors, the existence of the Hawking radia-
tion. Making no reference to results coming from any quantum gravity candidate,
the derivation could thus be called model-independent. The price paid is that, in
this derivation, there is no prediction for the value of the parameter α.
Once we have introduced the idea behind the GUP and the minimum length, in
the next section we are going to discuss the Horizon Wave Function (HWF) formal-
ism and rederive the GUP. The HWF has been shown as a fruitful route in quantum
black hole phenomenology and beyond [213, 214].
6.2 The Horizon Wave Functions Formalism
The horizon wave function formalism raises as an effective approach to give us
hints on what would be expected from black hole physics near the Planck scale.
The main idea is to push basic features of quantum mechanics and gravity beyond
our present experimental limits. In doing so one faces the conceptual challenge of
describing simultaneously classical and quantum objects, such as horizons and par-
ticles, consistently, in the same approach. The horizon wave function formalism,
also called horizon quantum mechanics, proposes an effective merge of the men-
tioned classical and quantum objects by associating a wave function to the particle
horizon. Such association enables the use of the quantum mechanics machinery in
order to distinguish particles and black holes as well as to derive the GUP. Now we
are able to introduce the HWF in the standard way.
As discussed in the Chapter 2 , horizons of black holes are described in general
relativity as trapping surfaces, their location are determined by
gij∇ir∇jr = 0 , (6.8)
where∇ir is orthogonal to surfaces of constant areaA = 4pir2. As it is well known,
from spherical symmetry and Einstein field equations follows
grr = 1− 2`p(m/mp)
r
, (6.9)
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where m = m(r, t) is the Misner-Sharp mass
m(r, t) = 4pi
∫ r
0
ρ(r¯, t)r¯2 dr¯ , (6.10)
and ρ = ρ(r, t) denotes the matter density. A trapping surface then exists if there
are values of r and t such that the gravitational radius RH = 2 `pm/mp satisfies
RH(r, t) ≥ r . (6.11)
Considering a spin-less point-particle of mass m, it follows from the HUP an
uncertainty in the particle spatial localisation of the order of the Compton scale
λm ' ~/m = `pmp/m. Arguing that quantum mechanics gives a more precise
description of physics, RH makes sense only if it is larger than the Compton wave
length associated to the same mass, namely RH & λm, thus
`pm/mp & `pmp/m =⇒ m & mp . (6.12)
It suggests the Planck mass as the minimum mass such that the Schwarzchild ra-
dius could be defined. From quantum mechanics, the spectral decomposition of a
spherically symmetric matter distribution is given by the wave-function
|ψS〉 =
∑
E
C(E) |ψE〉 , (6.13)
with the usual eigenfunction equation
Hˆ |ψE〉 = E |ψE〉 , (6.14)
regardless of the specific form of the actual Hamiltonian operator Hˆ . Using the
energy spectrum and inverting the expression of the Schwarzschild radius we have
E = mp
rH
2`p
. (6.15)
Putting it back into the wave function one can define the (unnormalised) HWF as
ψH(rH) = C
(
mp
rH
2`p
)
(6.16)
whose normalisation is fixed, as usual, by the inner product
〈ψH |φH〉 = 4pi
∫ ∞
0
ψ∗H(rH)φH(rH)r
2
HdrH. (6.17)
Note though that here, the classical radius RH is thus replaced by the expectation
value of the operator RˆH . From the uncertainty on the expectation value follows
that the radius will necessarily be “fuzzy”, like the position of the source itself.
One thing one have to know in order to establish a criterion for deciding rather
a mass distribution do form or not a black hole is if it lies inside its own horizon of
radius r = rH. From quantum mechanics one finds that it is given by the product
P<(r < rH) = PS(r < rH)PH(rH) (6.18)
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where the first term,
PS(r < rH) = 4pi
∫ rH
0
|ψS(r)|2r2dr (6.19)
is the probability that the particle resides inside the sphere of radius r = rH, while
the second term,
PH(rH) = 4pir2H|ψH(rH)|2 (6.20)
is the probability density that the value of the gravitational radius is rH. Finally, the
probability that the particle described by the wave-function ψS is a BH will then
be given by the integral of (6.18) over all possible values of the horizon radius rH,
namely
PBH =
∫ ∞
0
P<(r < rH)drH (6.21)
which is the main outcome of the HWF formalism.
6.2.1 Gaussian Sources
The previous construction could be made explicit by applying a model for the wave
function. For simplicity and practical reasons, one usually chooses a spherically
symmetric Gaussian wave-function describing a massive particle at rest, such as
ψS(r) =
e−
r2
2 `2
(`
√
pi)3/2
. (6.22)
The corresponding function in momentum space is thus given by
ψ˜S(p) = 4pi
∫ ∞
0
sin(rp)√
8pi3rp
e−
r2
2 `2
(`
√
pi)3/2
r2dr
=
e−
p2
2 ∆2
(∆
√
pi)3/2
, (6.23)
where ∆ = mp `p/` is the spread of the wave-packet in momentum space whose
width ` should be diminished by the Compton length of the particle,
` ≥ λm ∼ mp `p
m
. (6.24)
Now the relativistic mass-shell relation in flat space [215],
p2 = E2 −m2 , (6.25)
is assumed and the energy E of the particle is expressed in terms of the related
horizon radius rH = RH(E), following
E2 =
m2pr
2
H
4`2p
. (6.26)
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Thus, from (6.23) one find the HWF
ψH(rH) = NHΘ(rH −RH) e
−m
2
pr
2
H
8∆`2p
= NH Θ(rH −RH) e
− `
2r2H
8`4p . (6.27)
The Heaviside step function Θ appears above due to the imposition E ≥ m. The
normalisation factor NH is fixed according to
N−2H = 4pi
∫ ∞
0
|ψH(rH)|2 r2H drH
= 4pi
∫ ∞
0
Θ(rH −RH) e
− `
2r2H
4`4p r2H drH
= 4pi
∫ ∞
RH
e
− `
2r2H
4`4p r2H drH. (6.28)
Making ρ = `
2r2H
4`4
,
N−2H =
16pi`6p
`3
∫ ∞
m2
∆2
ρ3/2−1eρ dρ
=
16pi`6p
`3
Γ
(
3
2
,
m2
∆2
)
=
 1
4`3p
√√√√ `3
piΓ
(
3
2 ,
m2
∆2
)

−2
, (6.29)
where Γ(s, x) is the upper incomplete Euler-Gamma function, defined by
Γ(s, x) =
∫ ∞
x
ts−1 e−t dt. (6.30)
From Eqs. (6.27) and (6.29) the normalized HWF follows straightforward
ψH(rH) =
1
4`3p
√√√√ `3
piΓ
(
3
2 ,
m2
∆2
) Θ(rH −RH) e− `2r2H8`4p .
The expression above has two parameters non fixed a priori, the particle mass m
and the Gaussian width `, resulting that the probability PBH = PBH(`,m) will also
depend on both.
According to the previous section, the first thing we have to calculate in order
to find the probability of black hole formation is the probability that the particle
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resides inside a sphere of radius r = rH. From Eqs. (6.19) and (6.49) one obtains
PS(r < rH) = 4pi
∫ rH
0
|ψS(r)|2r2dr
=
4pi
`3pi3/2
∫ rH
0
e−
r2
`2 r2dr
=
4
`3pi1/2
`3
2
∫ r2H
`2
0
y
3
2
−1eydy
=
2√
pi
γ
(
3
2
,
r2H
`2
)
(6.31)
where we took y = r2/`2 and γ(s, x) = Γ(s) − Γ(s, x) is the lower incomplete
Gamma function. From the Eqs. (6.20) and (6.31) yields
PH(rH) = 4pir2H|ψH(rH)|2
=
1
4`6p
`3
Γ
(
3
2 ,
m2
∆2
) Θ(rH −RH) e− `2r2H4`4p r2H. (6.32)
Combining the previous results one finds the probability density that the particle
resides in its own gravitational radius
P<(r < rH) = PS(r < rH)PH(rH)
=
`3
2
√
pi`6p
γ
(
3
2 ,
r2H
`2
)
Γ
(
3
2 ,
m2
∆2
) Θ(rH −RH) e− `2r2H4`4p r2H. (6.33)
The probability that the particle described by the Gaussian is a black hole is finally
given by
PBH(`,m) =
`3
2
√
pi`6p
1
Γ
(
3
2 ,
m2
∆2
) ∫ ∞
RH
γ
(
3
2
,
r2H
`2
)
e
− `
2r2H
4`4p r2HdrH, (6.34)
which we calculate numerically. Before performing the calculations it is convenient
to express the the probability in terms of dimensionless variables, with lengths in
unities of the Planck length (`/`p → `, rH/`p → rH and RH/`p → RH) and the
particle mass in units of the Planck mass (m/mp → m). The probability above thus
turns into
PBH(`,m) =
`3
2
√
pi
1
Γ
(
3
2 ,m
2`2
) ∫ ∞
2m
γ
(
3
2
,
r2H
`2
)
e−
`2r2H
4 r2HdrH. (6.35)
If we assume the Gaussian width having the same order of the particle Comp-
ton length we could set ` ∼ m−1 on the Eq. (6.35) and find the probability depend-
ing on only one of ` or m. On the other hand, departing again from the Eq. (6.24)
we may set values form in terms of the Planck mass and find the probability in this
scenario. Applying ` ∼ m−1 yields
PBH(`) =
`3
2
√
pi
1
Γ
(
3
2 , 1
) ∫ ∞
2`−1
γ
(
3
2
,
r2H
`2
)
e−
`2r2H
4 r2HdrH. (6.36)
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or
PBH(m) =
1
2m3
√
pi
1
Γ
(
3
2 , 1
) ∫ ∞
2m
γ
(
3
2
,m2r2H
)
e−
r2H
4m2 r2HdrH. (6.37)
The resulting probabilities are shown in the figures 6.1 and 6.2 below.
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FIGURE 6.1: The plot on the left hand side shows the probability of a "particle"
being a black hole depending on the Gaussian width, assuming ` ∼ m−1. On the
right hand side we see the same probability for different feactions of the planck
mass m = mp (solid), m = 3mp/4 (dashed) and m = mp/2 (dotted).
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FIGURE 6.2: Probability of a “particle" being a black hole depending on the parti-
cle’s mass and assuming ` ∼ m−1.
6.2.2 GUP Revisited
As the horizon wave function formalism applies the standard wave function de-
scription for particles, a question that raises naturally is rather and how it affects
the HUP. As might be expected it results in a GUP, like the one discussed at the
beginning of the chapter. In quantum mechanics one derives the HUP by calcu-
lating the uncertainty associated to the wave function. Here, the starting point is
the same, from the Gaussian wave-function (6.49) follows the uncertainty in the
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particle size, given by
∆r20 = 〈r2〉 − 〈r〉2
4pi
∫ ∞
0
|ψS(r)|2r4dr −
(
4pi
∫ ∞
0
|ψS(r)|2r3dr
)2
3
2
`2 − 4
pi
`2 =
3pi − 8
2pi
`2. (6.38)
One might find the uncertainty in the horizon radius in analogous way
∆r2H = 〈r2H〉 − 〈rH〉2
= 4pi
∫ ∞
0
|ψH(rH)|2r4HdrH −
(
4pi
∫ ∞
0
|ψH(rH)|2r3HdrH
)2
=
4`4p
`2
Γ
(
5
2 , 1
)
Γ
(
3
2 , 1
) −(2`2p
`
Γ (2, 1)
Γ
(
3
2 , 1
))2
=
4`4p
`2
Γ (52 , 1)
Γ
(
3
2 , 1
) −( Γ (2, 1)
Γ
(
3
2 , 1
))2

=
4`4p
`2
E− 32 (1)
E− 1
2
(1)
−
(
E−1 (1)
E− 1
2
(1)
)2 (6.39)
where we have used the generalised exponential integral Ek(x), defined by
Ek(x) =
∫ ∞
1
e−xt
tk
dt (6.40)
and related to the incomplete gamma function by the expression
Γ(s, x) = xsE1−s(x). (6.41)
Note that ∆r0 and ∆rH have difference dependence on `. Such a dependence re-
sults in a vanishing ∆rH for `  `p, when the Heisenberg uncertainty is recov-
ered, as expected. Furthermore, from Eq. (6.39) we see that ∆rH ∼ `−1, and from
` ∼ m−1 follows ∆rH ∼ m. It means that the uncertainty on the horizon radius
has the same order of magnitude of the horizon radius itself. That is an intriguing
feature of quantum black holes derived from HWF that obviously is not expected
for astrophysical black holes.
The total minimum radial uncertainty could now be taken as a linear combina-
tion of the quantities calculated above, given
∆r = ∆r0 + α∆rH
= ∆
1/2
0 `+ α∆
1/2
0 ∆H
`2p
`
(6.42)
where ∆0 = 3pi−82pi and
∆2H =
4
∆0
E− 32 (1)
E− 1
2
(1)
−
(
E−1 (1)
E− 1
2
(1)
)2 . (6.43)
94 Chapter 6. Quantum Black Holes and the Horizon Wave Functions Formalism
For the uncertainty in momentum we have
∆p2 = 〈p2〉 − 〈p〉2
4pi
∫ ∞
0
|ψ˜S(p)|2p4dp−
(
4pi
∫ ∞
0
|ψ˜S(p)|2p3dp
)2
=
3
2
∆2 − 4
pi
∆2 =
3pi − 8
2pi
∆2
= ∆0
m2p`
2
p
`2
. (6.44)
Note that the momentum uncertainty and the width ` are related by the expression
above as ∆p/mp`p = ∆
1/2
0 /`. Using this relation in the Eq. (6.42) results in
∆r
`p
= ∆0
mp
∆p
+ α∆H
∆p
mp
, (6.45)
which has the same form of the GUP discussed at the beginning of the chapter. The
Fig. 6.3 shows the behavior of the GUP as function of the momentum uncertainty,
taking α = 1. There we can clearly see a minimum ∆r placed between `p and
1.5`p. If fact, one finds ∆p =
(
∆0
α∆H
)1/2
mp associated with the minimum length,
corresponding to ∆r = 2
√
α∆0∆H ≈ 1.15
√
α`p ≡ `∗.
∆r
`p
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0.0
0.5
1.0
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2.5
GUP
Δr0
ΔrH
∆p
mp
FIGURE 6.3: GUP profile emerged from the horizon wave function formalism for
α = 1.
Rather than assuming α = 1, which according to the above results give us a
minimum length very close to the Planck length, Figures 6.4 and 6.5 show the
minimum length and minimum mass associated to the GUP for a range of α. It
is straightforward to see from the GUP expression that larger α means large cor-
rection for the quantum mechanics uncertainty. As a consequence we have large
minimum length and small minimum mass, as can be seen in the Figures 6.4 and
6.5. Note that not only the Planck length, but also the Planck mass emerges as a
minimum scale when α ≈ 1.
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FIGURE 6.4: Minimum length `∗ for
a range of α.
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FIGURE 6.5: Minimum mass m∗ for
a range of α.
6.3 HWF and Extra Dimensions1
In this section we are going to study the effects of the horizon wave function for-
malism when the existence of extra dimensions is assumed. Besides some awkward
expression on the way, the approach in this session is pretty similar to the previous
one, while some new interesting results are found.
First of all we recall that given any spherically symmetric function f = f(r) in
D spatial dimensions, the corresponding function in momentum space is given by
f˜(p) =
∫
d~x
e−i ~p·~x/~
(2pi~)D/2
f(r)
=
∫ ∞
0
dr rD−1 f(r)
[
ΩD−2
(2pi~)D/2
∫ pi
0
dθ e−i p r cos θ/~ (sin θ)D−2
]
=
∫ ∞
0
dr rD−1 f(r)
[
(p r)
2−D
2
~
JD−2
2
(r p
~
)]
=
p
2−D
2
~
∫ ∞
0
dr rD/2 JD−2
2
(rp
~
)
f(r) (6.46)
where ΩD−2 is the volume of theD−1 dimensional unity sphere and the normalised
radial modes are given by the Bessel functions
JD−2
2
(rp
~
)
=
ΩD−2
(2pi)D/2
(r p
~
)D−2
2
∫ pi
0
dθ e−i p r cos θ/~ (sin θ)D−2 , (6.47)
Accordingly, the inverse transform is given by
f(r) =
r
2−D
2
~
∫ ∞
0
dp pD/2 JD−2
2
(r p
~
)
f˜(p) . (6.48)
It is necessary in order to find the extra dimensional Gaussian wave function in
momentum space.
1We have published the results of this section in Ref. [6].
96 Chapter 6. Quantum Black Holes and the Horizon Wave Functions Formalism
Considering again a localized massive particle described by the Gaussian wave-
function in D spatial dimensions
ψS(r) =
e−
r2
2 `2
(`
√
pi)D/2
, (6.49)
and the corresponding function in momentum space is thus given by
ψ˜S(p) =
e−
p2
2 ∆2
(∆
√
pi)D/2
, (6.50)
where ∆ = mD `D/` is the spread of the wave-packet in momenta space, mD and
`D are the fundamental mass and length scales for D + 1 dimensional space-times.
Analogously to the previous D = 3 case, it follows that ∆ ≤ m, which implies
` ≥ λm ≡ ~
m
=
mD `D
m
. (6.51)
We have seen in the Section 4.5.1 that the Schwarzschild metric, as a solution of the
vacuum Einstein equations, generalises in (1 +D)-dimensional space-time as
ds2 = −
(
1− RD
rD−2
)
dt2 +
(
1− RD
rD−2
)−1
dr2 + rD−1 dΩD−1 , (6.52)
where the classical horizon radius is given by
RD =
(
16piGDm
(D − 1)ΩD−1
) 1
D−2
(6.53)
As expected, if D = 3 we have the standard result of the previous sessionR3 = RH.
As in D = 3, we assume the relativistic mass-shell relation in flat space [215],
p2 = E2 −m2 , (6.54)
and define the HWF expressing the energy E of the particle in terms of the related
horizon radius (6.53), rH = RD(E). From Eq. (6.50), we then get
ψH(rH) = NH Θ(rH −RD) exp
{
−1
2
(
D − 2
2GD ∆
)2 [
r
2 (D−2)
H −R2 (D−2)D
]}
= Θ(rH −RS)NH em2/2∆2 exp
{
−1
2
(
D − 2
2GD∆
)2
r
2(D−2)
H
}
, (6.55)
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with normalisation NH
N−2H e−m
2/∆2 = ΩD−1
∫ ∞
0
|ψH(rH)|2 rD−1H drH
=
2piD/2
Γ(D/2)
∫ ∞
RD
exp
{
−
(
D − 2
2GD∆
)2
r
2(D−2)
H
}
rD−1H drH
=
piD/2
(D − 2)Γ(D/2)
(
2GD∆
D − 2
) D
D−2
∫ ∞
m2/∆2
e−ρH ρ
D
2D−4−1
H dρH
=
piD/2
D − 2
(
2GD∆
D − 2
) D
D−2 Γ
(
D
2D−4 , 1
)
Γ
(
D
2
) , (6.56)
and ρH was defined as
ρH =
(
D − 2
2GD∆
)2
r
2(D−2)
H . (6.57)
The coefficient NH is thus given by
NH em2/2∆2 =
 D − 2`DD piD/2
[
(D − 2)mD
2 ∆
] D
D−2 Γ
(
D
2
)
Γ
(
D
2D−4 ,
m2
∆2
)

1/2
, (6.58)
thus, combining with the Eq. (6.55) follows
ψH(rH) =
 D − 2`DD piD/2
[
(D − 2)mD
2 ∆
] D
D−2 Γ
(
D
2
)
Γ
(
D
2D−4 ,
m2
∆2
)

1/2
×Θ(rH −RD) exp
{
−(D − 2)
2
8
m2D
∆2
(
rH
`D
)2(D−2)}
(6.59)
6.3.1 Black Hole Probability
The probability density that a particle lies inside its own gravitational radius is
defined in the same way of the previous section,
P<(r < rH) = PS(r < rH)PH(rH) , (6.60)
where the probability that the particle is inside a D-ball of radius rH is
PS(r < rH) = ΩD−1
∫ rH
0
|ψS(r)|2 rD−1 dr , (6.61)
and the probability density that the radius of the horizon equals rH is
PH(rH) = ΩD−1 rD−1 |ψH(rH)|2 (6.62)
Again, integrating (6.60) over all the possible values of the horizon radius rH,
PBH =
∫ ∞
0
P<(r < rH) drH (6.63)
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gives the probability that the particle is a black hole in a D + 1 dimensional space-
time. Applying the D + 1 dimensional Gaussian wave function introduced in the
Eq. (6.49) we find
PS(r < rH) =
γ
(
D
2 ,
r2H
`2
)
Γ
(
D
2
) . (6.64)
Properties of the γ ensure that PS = 1 if rH →∞, while PS = 0 if rH = 0 as expected.
Then,
PH(rH) = 2
`DD
(
(D − 2)mD
2 ∆
) D
D−2 D − 2
Γ
(
D
2D−4 ,
m2
∆2
)
×Θ(rH −RD) exp
{
−
[
(D − 2)mD
2 ∆
]2 (rH
`D
)2(D−2)}
rD−1H (6.65)
and Eq. (6.63) finally becomes
PBH(`,m)) =
2
`DD
(
(D − 2)mD
2 ∆
) D
D−2 D − 2
Γ
(
D
2D−4 ,
m2
∆2
)
Γ
(
D
2
)
×
∫ ∞
RD
γ
(
D
2
,
r2H
`2
)
exp
{
−
[
(D − 2)mD
2 ∆
]2 (rH
`D
)2(D−2)}
rD−1H drH
(6.66)
which yields the probability for a particle to be a black hole depending on the Gaus-
sian width `, mass m and spatial dimension D. Since the above integral cannot be
analytically performed, we show the numerical dependence on ` & λmof the above
probability for different masses and spatial dimensions in Fig. 6.6.
Here one faces the first interesting results of extra dimensional HWF. The prob-
ability PBH at given m decreases significantly for increasing D, and for large values
of D even a particle of mass m ' mD is most likely not a black hole. This result
should have a strong impact on predictions of black hole production in particle col-
lisions. For example, one could approximate the effective production cross-section
as σ(E) ∼ PBH(E)σBH(E), where σBH ∼ 4pi E2 is the usual black disk expres-
sion for a collision with centre-of-mass energy E. Since PBH can be very small,
σ(E) σBH(E) for D > 4 and one in general expects much less black holes can be
produced than standard estimates [216].
6.3.2 GUP From Higher Dimensional HWF
Deriving an extra dimensional GUP requires, as in the 3D case, the expectation
values of some quantities. Analogous to the 3D case we have
〈 rˆH 〉 =
Γ
(
D+1
2D−4 ,
m2
∆2
)
Γ
(
D
2D−4 ,
m2
∆2
) (∆
m
) 1
D−2
RD . (6.67)
or
〈 rˆH 〉 =
E D−5
2D−4
(m
2
∆2
)
E D−4
2D−4
(m
2
∆2
)
RD . (6.68)
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FIGURE 6.6: Probability PBH(`,m) of a particle, described by a Gaussian with
` ≥ λm, to be a black hole for m = mD (solid line), m = 3mD/4 (dashed line) and
m = mD/2 (dotted line). From left to right, the spatial dimensions are D = 4 and
5 on the first line and D = 8 and 9 on the second line (note the different scales on
the vertical axes).
We likewise obtain
〈 rˆ2H 〉 =
E D−6
2D−4
(m
2
∆2
)
E D−4
2D−4
(m
2
∆2
)
R2D , (6.69)
and estimate the relative uncertainty in the horizon as
∆rH =
√
〈 rˆ2H 〉 − 〈 rˆH 〉2 =
√√√√√E D−62D−4 (m2∆2 )
E D−4
2D−4
(m
2
∆2
)
−
E D−52D−4 (m2∆2 )
E D−4
2D−4
(m
2
∆2
)
2RD . (6.70)
Since
m
∆
=
`m
`DmD
∝ `
`D
, (6.71)
it is also possible to see that, for ` `D, we recover the expected classical results
〈 rˆH 〉 ' RD , ∆rH ' 0 . (6.72)
Fig. 6.7 shows the plots of (6.68) and (6.70) for D > 3 as functions of `/`D.
Again the GUP follows by linearly combining the usual Heisenberg uncertainty
with the uncertainty in the horizon size,
∆r = ∆r0 + α∆rH . (6.73)
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FIGURE 6.7: Plots of 〈 rˆH 〉 (upper panel) and ∆rH (lower panels) as functions of
`/`D, for D = 4 (left) and D = 5 (right), with m = mD (solid line), m = 34 mD
(dashed line) and m = 12 mD (dotted line).
We can compute the Heisenberg part starting from the state (6.49), that is
〈 rˆn 〉 = ΩD−1
∫ ∞
0
ψ˜∗(r) rˆn ψ˜(r) rD−1 dr
=
2∆−D
Γ
(
D
2
) ∫ ∞
0
e−p
2/∆2pD+n−1 dp
=
Γ
(
D+n
2
)
Γ
(
D
2
) `n . (6.74)
Using Γ(z + 1) = z Γ(z), this yields
〈 rˆ 〉 = Γ
(
D+1
2
)
Γ
(
D
2
) ∆ = 21−D√pi (D − 1)!
Γ
(
D
2
)2 ` , (6.75)
and
〈 rˆ2 〉 = Γ
(
D
2 + 1
)
Γ
(
D
2
) ∆2 = D
2
`2 , (6.76)
so that
∆r0 =
√√√√D
2
−
(
21−D
√
pi
Γ
(
D
2
)2 (D − 1)!
)2
` ≡ AD ` . (6.77)
Using instead the state (6.23) in momentum space, the same procedure yields
∆p = AD ∆ = AD
mD `D
`
. (6.78)
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Expressing ` and ∆ from the above equation as functions of ∆p, we find
∆r
`D
= A2D
mD
∆p
+ α
√√√√√√E D−62D−4
(
A2Dm
2
(∆p)2
)
E D−4
2D−4
(
A2Dm
2
(∆p)2
) −
E D−52D−4
(
A2Dm
2
(∆p)2
)
E D−4
2D−4
(
A2Dm
2
(∆p)2
)

2 (
2
|D − 2|
m
mD
) 1
D−2
.
(6.79)
Assuming the width of the wave-packet equal to the Compton length follows
m = ∆ =
∆p
AD
(6.80)
and the GUP finally reads
∆r
`D
= A2D
mD
∆p
+ α
√√√√E D−62D−4 (1)
E D−4
2D−4
(1)
−
(
E D−5
2D−4
(1)
E D−4
2D−4
(1)
)2(
2
|D − 2|
∆p
ADmD
) 1
D−2
=
CQM
∆p
+ CH ∆p
1
D−2 , (6.81)
where CQM and CH are constants (independent of ∆p). Fig. 6.8 shows ∆r for dif-
ferent spatial dimensions, setting α = 1.
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FIGURE 6.8: Plots of ∆r/`D as function of ∆p/mD for D = 4 and 5 and α = 1.
In higher-dimensional cases we obtain the same qualitative behaviour of the
previous section for the GUP, with a minimum length uncertainty `∗D
`∗D = `D
(
D − 1
D − 2
)
(2AD)
1
D−1
α
√√√√E D−62D−4 (1)
E D−4
2D−4
(1)
−
(
E D−5
2D−4
(1)
E D−4
2D−4
(1)
)2
D−2
D−1
(6.82)
corresponding to an energy scale m∗D, satisfying
m∗D = mD
(D − 2)
2
1
D−1
α
√√√√E D−62D−4 (1)
E D−4
2D−4
(1)
−
(
E D−5
2D−4
(1)
E D−4
2D−4
(1)
)2
2−D
D−1
A
2D−3
D−1
D . (6.83)
The impact of α on this minimum length is then shown in Fig. 6.9, where we plot
the scalem∗D corresponding to the minimum `
∗
D as a function of this parameter, and
in Fig. 6.10, where we plot directly `∗D. A qualitative difference of the 3D case is that
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for all values of D considered here, assuming m∗D ' mD favours large values of α,
whereas requiring `∗D ' `D would favour small values of α.
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FIGURE 6.9: Minimum scale m∗D as function of the parameter α for D = 4 and 5.
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FIGURE 6.10: Minimum scale `∗D as function of the parameter α for D = 4 and 5.
The higher-dimensional cases D > 3 look qualitatively very similar to the stan-
dard (3 + 1)-scenario, with a probability PBH of similar shape, and a related GUP
leading to the existence of a minimum length scale. However, one of the main
results is that the probability PBH for fixed mass decreases for increasing D > 3.
In fact, for m ' mD, one has PBH ' 0.14 for D = 5, which further decreases to
PBH ' 3 × 10−3 for D = 9. This implies that, although the fundamental scale
mD could be smaller for larger D, one must still reach an energy scale significantly
larger than mD in order to produce a black hole. It is clear that this should have
a strong impact on the estimates of the number of black holes produced in collid-
ers which are based on models with extra spatial dimensions, and, conversely, on
the bounds on extra-dimensional parameters obtained from the lack of observation
of these objects. In fact, in Ref. [217] the black hole formation at the LHC in the
present scenario was simulated by applying the package BLACKMAX to perform
numerical simulations. They found that the ratio of black hole formation always
decrease for an increasing number of extra dimensions, as well as that the HWF
approach predicts black hole production with masses smaller than the expected in
the standard scenario. It corroborates the results of the present section.
103
Chapter 7
CONCLUSION
In this thesis we have discussed different topics, all connected by black hole physics
beyond general relativity. What makes it interesting is the fact that black holes can
not be completely explained by classical GR. Nobody neither know what exactly is
a space-time singularity nor understand the physical phenomena expected in such
scale. For that reason black holes could effectively provide information about the
merge of gravity and quantum mechanics. We have dealt with some ideas coming
from quantum gravity proponents, trying to give a small contribution to the prob-
lem of finding consequences of such ideas in a tangible scale. We have calculated
the Hawking radiation associated to an effective black hole solution coming from
string theory by emitting a fermion beyond the standard model. We found that,
even having different dynamical equations, the associated temperature is the same
of the regular Dirac fermions. Our next result was to find and exact FRW-like so-
lution of the Einstein equation in a model with a thick brane generated by a scalar
field. The solutions are pretty complicated and deserve further analysis.
Our next two results were, in principle, closer to experimental and observa-
tional data. We have used the strong deflection limit approach to calculate observ-
able quantities of black holes found under the extra dimensional paradigm. Those
observables deviate from the ones found for the Schwarzschild case and could,
again in principle, be used to rule out black hole solutions. The last chapter deals
with possible black holes formed in high energy collisions. For that the horizon
quantum mechanics formalism was employed . Our result, in a collaboration de-
veloped during the time I spent at the Bologna university, consists of extending the
formalism to an extra dimensional model. We found that the probability of such
black hole formation is suppressed when extra dimensions are added to the model.
As perspectives for future works we could mention that the extended MGD
approach [218] may be further applied to provide observational bounds on its pa-
rameters. Indeed, Ref. [218] proposed an extension of the MGD, by assuming the
more general temporal metric component
A(r) =
(
1− 2M
r
)1+k
, (7.1)
instead of the standard MGD setup, given by Eq. (4.111a). Clearly the standard
MGD metric (Eqs. 4.111b and 4.111a) is recovered when k = 0. We want to apply
the extended MGD in the context of our paper, Ref. [11], regarding the ratio η/s for
predicting the new parameters.
A new perspective for black hole physics have been studied recently, by con-
sidering black holes as Bose-Einstein condensates (BEC) of a large number N of
weakly interacting gravitons close to a critical point [219, 220, 221]. This paradigm
has the merit to directly interconnect black hole physics to the study of critical phe-
nomena, where quantum effects are relevant at critical points, even for a macro-
scopic number N of particles [222]. Black hole features that cannot be recovered
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in a standard semi-classical approach may then be encoded by the quantum state
of the critical BEC [223, 6], with the semi-classical regime obtained as a particular
limit for N → ∞. We are going to use such formalism and the extended MDG to
generalise the result of Ref. [224].
Regarding the horizon quantum mechanics, we are going to find consequences
of applying it to the problem of abundance of primordial black holes [20, 19]. It
could also result in constraints on inflationary models [21]. The results related to
HQM could also be extended to non Gaussian distributions or different models of
extra dimensions.
The discussion above supports the importance of black hole physics as a tool to
investigate gravity beyond GR. We hope that consequences could be tested experi-
mentally in the near future.
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Appendix B
EXPLICIT CALCULATIONS OF THE SECTION 4.4.2
This appendix is devoted to present, explicitly, some calculations of the Section
4.4.2. Here the same notation of the mentioned section will be used, in special, for
derivatives
∂f
∂t
≡ f˙, ∂f
∂r
≡ f¯, ∂f
∂y
≡ f ′. (B.1)
First of all we have to calculate the energy-momentum tensor
TMN = ∇Mφ∇Nφ− gMN
(
1
2
gAB∇Aφ∇Bφ+ V (φ)
)
, φ ≡ φ(t, y), (B.2)
following
1
2
gAB∇Aφ∇Bφ = 1
2
gAB∂Aφ∂Bφ (B.3)
=
1
2
g00φ˙2 +
1
2
g55φ′2 (B.4)
= − 1
2a2
φ˙2 +
1
2
φ′2 (B.5)
⇒ TMN = ∇Mφ∇Nφ− gMN
(
− 1
2a2
φ˙2 +
1
2
φ′2 + V (φ)
)
. (B.6)
Explicitly, the components read
T00 = φ˙
2 + a2
(
− 1
2a2
φ˙2 +
1
2
φ′2 + V (φ)
)
(B.7)
=
1
2
φ˙2 + a2
(
1
2
φ′2 + V (φ)
)
(B.8)
= a2
(
1
2a2
φ˙2 +
1
2
φ′2 + V (φ)
)
. (B.9)
Tii = −gii
(
− 1
2a2
φ˙2 +
1
2
φ′2 + V (φ)
)
. (B.10)
T55 = φ
′2 −
(
− 1
2a2
φ˙2 +
1
2
φ′2 + V (φ)
)
(B.11)
=
1
2
φ′2 +
1
2a2
φ˙2 − V (φ). (B.12)
T05 = φ˙φ
′. (B.13)
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The equation of motion for the scalar field is given by
∇2φ− dV
dφ
= 0, ∇2 ≡ gAB∇A∇B, (B.14)
following
∇2φ = gAB∇A∂Bφ (B.15)
= ∇A∂Aφ (B.16)
=
1√−g∂A
(√−g∂Aφ) (B.17)
= ∂A ln
(√−g)︸ ︷︷ ︸
2︸ ︷︷ ︸
3
∂Aφ+ ∂A∂
Aφ︸ ︷︷ ︸
1
. (B.18)
1.
∂A∂
Aφ = ∂A(g
AB∂Bφ) (B.19)
= ∂Ag
AB∂Bφ+ g
AB∂A∂Bφ (B.20)
= ∂0g
00φ˙+ g00φ¨+ ∂5g
55φ′ + g55φ′′ (B.21)
= 2
a˙
a3
φ˙− 1
a2
φ¨+ φ′′. (B.22)
2.
√−g = a
4r2 sin θ√
1− kr2 . (B.23)
3.
∂A ln
(√−g) = 4∂A ln a+ ∂A ln( r2 sin θ√
1− kr2
)
. (B.24)
∂0 ln
(√−g) = 4∂0 ln a (B.25)
= 4
a˙
a
. (B.26)
∂5 ln
(√−g) = 4∂5 ln a (B.27)
= 4
a′
a
. (B.28)
Hence
∇2φ =
[
∂0 ln
(√−g) g00φ˙+ ∂5 ln (√−g) g55φ′]+ [2 a˙
a3
φ˙− 1
a2
φ¨+ φ′′
]
(B.29)
=
[
−4 a˙
a3
φ˙+ 4
a′
a
φ′
]
+
[
2
a˙
a3
φ˙− 1
a2
φ¨+ φ′′
]
(B.30)
= φ′′ − 1
a2
φ¨+ 4
a′
a
φ′ − 2 a˙
a3
φ˙, (B.31)
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Therefore, the equation of motion is given by
0 = ∇2φ− dV
dφ
(B.32)
= φ′′ − 1
a2
φ¨+ 4
a′
a
φ′ − 2 a˙
a3
φ˙− dV
dφ
. (B.33)
By calculating the components of Einstein tensor we find
G00 = a
2
{
3
[
a˙2
a4
−
(
a′′
a
+
a′2
a2
)
+
k
a2
]
+ (1− kr2)
[
a¯2
a4
− 2 a¯
a3
− 6 a¯
a3r
]
+ 2
a¯
a3r
}
G11 = −g11
{[
1
a2
(
2
a¨
a
− a˙
2
a2
)
− 3
(
a′′
a
+
a′2
a2
)
+
k
a2
]
− (1− kr2)
[
3a¯2
a4
+ 4
a¯
a3r
]}
G22 = −g22
{[
1
a2
(
2
a¨
a
− a˙
2
a2
)
− 3
(
a′′
a
+
a′2
a2
)
+
k
a2
]
− (1− kr2)
[
2
a¯
a3
− a¯
2
a4
+ 4
a¯
a3r
]
+ 2
a¯
a3r
}
G33 =
g33
g22
G22
G55 = 3
[
2
a′2
a2
− 1
a2
a¨
a
− k
a2
]
+ (1− kr2)
[
3
a¯
a3
+ 9
a¯
a3r
]
− 3 a¯
a3r
G01 = 2
(
2
a¯a˙
a2
− ˙¯a
a
)
G05 = 3
(
a˙a′
a2
− a˙
′
a
)
G15 = 3
(
a¯a′
a2
− a¯
′
a
)
.
Supposing the separability of the scale/warp factor a(t, r, y) = A(t, r)B(y), from
T01 = 0 we have
0 = 2
(
2
a¯a˙
a2
− ˙¯a
a
)
(B.34)
= 2
a¯a˙
a
− ˙¯a (B.35)
= 2
A¯BA˙B
AB
− ˙¯AB (B.36)
= 2
A¯A˙
A
− ˙¯A. (B.37)
From the above equation we have two options, namely
0 = 2
A¯A˙
A
− ˙¯A (B.38)
= 2
A¯
A
−
˙¯A
A˙
(B.39)
= ∂r lnA
2 − ∂r ln A˙ (B.40)
= ∂r ln
A2
A˙
(B.41)
⇒ ln A
2
A˙
= T (t)⇔ A˙ = A2e−T , (B.42)
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or
0 = 2
A¯A˙
A
− ˙¯A (B.43)
= 2
A˙
A
−
˙¯A
A¯
(B.44)
= ∂t ln
A2
A¯
(B.45)
⇒ ln A
2
A¯
= R(r)⇔ A¯ = A2e−R (B.46)
∴ A˙ = A¯eR−T . (B.47)
By combining the equations (B.46), (B.42) and (B.47) follow some usefull relations,
A˙2 = A4e−2T (B.48)
A¯2 = A4e−2R (B.49)
˙¯A = 2
A¯A˙
A
= 2A3e−(T+R) (B.50)
A¨ = A˙
(
2
A˙
A
− T˙
)
= A2e−T
(
2Ae−T − T˙
)
(B.51)
A¯ = A¯
(
2
A¯
A
− R¯
)
= A2e−R
(
2Ae−R − R¯) . (B.52)
Back to the energy-momentum tensor components, T15 = 0 gives
0 = 3
(
a¯a′
a2
− a¯
′
a
)
(B.53)
=
a¯a′
a
− a¯′ (B.54)
=
A¯BAB′
AB
− A¯B′ (B.55)
= A¯B′ − A¯B′. (B.56)
Analogously, T05 = φ˙φ′ gives
φ˙φ′ = 3
(
a˙a′
a2
− a˙
′
a
)
(B.57)
= 3
(
A˙BAB′
A2B2
− A˙B
′
AB
)
(B.58)
= 3
(
A˙B′
AB
− A˙B
′
AB
)
(B.59)
= 0 (B.60)
⇒ φ˙ = 0. (B.61)
It imposes a scalar field depending only on the extra dimensional component.
110 Appendix B. Explicit Calculations of the Section 4.4.2
Finally, the components of energy-momentum tensor becomes
Tµν = −gµν
(
1
2
φ′2 + V (φ)
)
(B.62)
and
T55 =
1
2
φ′2 − V (φ). (B.63)
Merging the energy-momentum tensor and the Einstein tensor we have, for the
diagonal components
00:
1
2
φ′2 + V (φ) = 3
[
a˙2
a4
−
(
a′′
a
+
a′2
a2
)
+
k
a2
]
+ (1− kr2)
[
a¯2
a4
− 2 a¯
a3
− 6 a¯
a3r
]
+ 2
a¯
a3r
=
1
B2
[
−3 (BB′′ +B′2)+ (1− kr2)( A¯2
A4
− 4 A¯
A3
− 6 A¯
A3r
)
+ 2
A¯
A3r
+ 3
A˙2
A4
+ 3
k
A2
]
=
1
B2
{
−3 (BB′′ +B′2)+ 1
A2
[
(1− kr2)
(
A¯2
A2
− 4 A¯
A
− 6 A¯
Ar
)
+ 2
A¯
Ar
+ 3
A˙2
A2
+ 3k
]}
,
then
C0 =B
2
(
1
2
φ′ + V (φ)
)
+ 3
(
BB′′ +B′2
)
=
1
A2
[
(1− kr2)
(
A¯2
A2
− 4A¯
A
− 6 A¯
Ar
)
+ 2
A¯
Ar
+ 3
A˙2
A2
+ 3k
]
Where C0 is a separability constant.
11:
1
2
φ′2 + V (φ) =
[
1
a2
(
2
a¨
a
− a˙
2
a2
)
− 3
(
a′′
a
+
a′2
a2
)
+
k
a2
]
− (1− kr2)
[
3a¯2
a4
+ 4
a¯
a3r
]
=
[
1
B2
(
2
A¨
A3
− A˙
2
A4
)
− 3
B2
(
BB′′ +B′2
)
+
1
B2
k
A2
]
+
1
B2
(1− kr2)
[
3
A¯2
A4
+ 4
A¯
A3r
]
=
1
B2
[
−3 (BB′′ +B′2)+ (1− kr2)(3 A¯2
A4
+ 4
A¯
A3r
)
+ 2
A¨
A3
− A˙
2
A4
+
k
A2
]
=
1
B2
{
−3 (BB′′ +B′2)+ 1
A2
[
(1− kr2)
(
3
A¯2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k
]}
,
thus
C0 =B
2
(
1
2
φ′ + V (φ)
)
+ 3
(
BB′′ +B′2
)
=
1
A2
[
(1− kr2)
(
3
A¯2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k
]
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22:
1
2
φ′2 + V (φ) =
[
1
a2
(
2
a¨
a
− a˙
2
a2
)
− 3
(
a′′
a
+
a′2
a2
)
+
k
a2
]
− (1− kr2)
[
2
a¯
a3
− a¯
2
a4
+ 4
a¯
a3r
]
+ 2
a¯
a3r
=
1
B2
[
−3 (BB′′ +B′2)+ (1− kr2)(2 A¯
A3
− A¯
2
A4
+ 4
A¯
A3r
)
+ 2
A¨
A3
− A˙
2
A4
+
k
A2
+ 2
A¯
A3r
]
=
1
B2
{
−3 (BB′′ +B′2)+ 1
A2
[
(1− kr2)
(
2
A¯
A
− A¯
2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k + 2
A¯
Ar
]}
,
with
C0 =B
2
(
1
2
φ′ + V (φ)
)
+ 3
(
BB′′ +B′2
)
=
1
A2
[
(1− kr2)
(
2
A¯
A
− A¯
2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k + 2
A¯
Ar
]
and
55:
1
2
φ′2 − V (φ) = 3
[
2
a′2
a2
− 1
a2
a¨
a
− k
a2
]
+ (1− kr2)
[
3
a¯
a3
+ 9
a¯
a3r
]
− 3 a¯
a3r
= 3
[
2
B′2
B2
− A¨
A3B2
− k
(AB)2
]
+ (1− kr2)
[
3
A¯
A3B2
+ 9
A¯
A3B2r
]
− 3 A¯
A3B2r
=
1
B2
[
6B′2 + (1− kr2)
(
3
A¯
A3
+ 9
A¯
A3r
)
− 3 A¨
A3
− 3 k
A2
− 3 A¯
A3r
]
= − 1
B2
{
−6B′2 + 3
A2
[
(kr2 − 1)
(
A¯
A
+ 3
A¯
Ar
)
+
A¨
A
+ k +
A¯
Ar
]}
resulting
B2
(
V (φ)− 1
2
φ′
)
+ 6B′2 =
3
A2
[
(kr2 − 1)
(
A¯
A
+ 3
A¯
Ar
)
+
A¨
A
+ k +
A¯
Ar
]
= C5
The equations can be summarizes as follows:
- Equations for φ or y
φ′′(y) + 4
a′
a
φ′(y) =
dV
dφ
(B.64)
B(y)2
[
3
(
B′′(y)
B(y)
+
B′(y)2
B(y)2
)
+
1
2
φ′(y) + V (φ)
]
= C0 (B.65)
B(y)2
[
6
B′(y)2
B(y)2
− 1
2
φ′(y) + V (φ)
]
= C5 (B.66)
- Equations for t and r
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A˙(t, r) = A(t, r)2e−T (t) (B.67)
A¯(t, r) = A(t, r)2e−R(r) (B.68)
1
A2
[
(1− kr2)
(
A¯2
A2
− 4A¯
A
− 6 A¯
Ar
)
+ 2
A¯
Ar
+ 3
A˙2
A2
+ 3k
]
= C0 (B.69)
1
A2
[
(1− kr2)
(
3
A¯2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k
]
= C0 (B.70)
1
A2
[
(1− kr2)
(
2
A¯
A
− A¯
2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k + 2
A¯
Ar
]
= C0 (B.71)
3
A2
[
(kr2 − 1)
(
A¯
A
+ 3
A¯
Ar
)
+
A¨
A
+ k +
A¯
Ar
]
= C5 (B.72)
Calculating (B.70) - (B.71) we find
0 = (1− kr2)
(
−2A¯
A
+ 4
A¯2
A2
)
− 2 A¯
Ar
(B.73)
= (1− kr2)
(
−2A¯+ 4A¯
2
A
)
− 2A¯
r
(B.74)
= (1− kr2) [−2A2e−R(2Ae−R − R¯) + 4A3e−2R]− 2A2
r
e−R (B.75)
= (1− kr2) [2Ae−R − R¯− 2Ae−2]+ 1
r
(B.76)
= −(1− kr2)R¯+ 1
r
(B.77)
⇒ R¯(r) = 1
r(1− kr2) . (B.78)
From which we find the solution
R(r) = ln
c1r√
1− kr2 ⇒ e
−R(r) =
√
1− kr2
.
c1r. (B.79)
The equation A¯ = A2
√
1−kr2
c1r
, on the other hand, is solved by
Ak(t, r) =
c1
c1Y (t) + ln
√
1−kr2+1
r
−√1− kr2
(B.80)
where Ak(t, r) depends on k = ±1 or k = 0, the FRW curvature parameter. Per-
forming partial derivative with respect to t
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A˙k(t, r) = − c
2
1Y˙ (t)(
c1Y (t) + ln
√
1−kr2+1
r −
√
1− kr2
)2 ≡ − c21Y˙ (t)(c1Y (t) + fk(r))2 (B.81)
with
fk(r) = ln
√
1− kr2 + 1
r
−
√
1− kr2. (B.82)
Then
A˙(t, r)
A(t, r)2
= −Y˙ (t) = e−T (t). (B.83)
We can simplify the field equations by using some previous results of our calcula-
tions
A¯
A2
= e−R, A˙
A2
= −Y˙
A¯
A2
= e−R(2Ae−R − R¯), A¨
A2
= Y˙
(
2AY˙ − Y¨
A2
) , A = c1
c1Y (t) + f(r)
.
Using this on Eq. (B.69)
C0 =
1
A2
[
(1− kr2)
(
A¯2
A2
− 4A¯
A
− 6 A¯
Ar
)
+ 2
A¯
Ar
+ 3
A˙2
A2
+ 3k
]
C0 = (1− kr2)
[
e−2R − 4e
−R
A
(2Ae−R − R¯)− 6e
−R
Ar
]
+ 2
e−R
Ar
+ 3Y˙ 2 +
3k
A2
C0 = (1− kr2)e−R
[
e−R − 4 1
A
(2Ae−R − R¯)− 6 1
Ar
]
+ 2
e−R
Ar
+ 3Y˙ 2 +
3k
A2
C0 = (1− kr2)e−R
[
−7e−R + 2
A
(
2R¯− 3
r
)]
+
1
A
(
2
e−R
r
+
3k
A
)
+ 3Y˙ 2
C0 = (1− kr2)e−R
[
−7e−R + 2(c1Y + f(r))
c1
(
2R¯− 3
r
)]
+
2(c1Y + f(r))
c1
e−R
r
+
+
(c1Y + f(r))
2
c21
3k + 3Y˙ 2
C0 = (1− kr2)e−R
[
−7e−R + 2f(r)
c1
(
2R¯− 3
r
)]
+
2f(r)
c1
e−R
r
+ 3k
f(r)2
c21
+
+
[
2(1− kr2)e−R
(
2R¯− 3
r
)
+ 2
e−R
r
+
6kf(r)
c1
]
Y + 3kY 2 + 3Y˙ 2.
Resulting on
Y˙ 2k = −kY 2k + wk(r)Yk + zk(r) (B.84)
where wk(r) and zk(r) are:
wk(r) = −1
3
[
2(1− kr2)e−R
(
2R¯− 3
r
)
+ 2
e−R
r
+
6kf(r)
c1
]
zk(r) = −1
3
{
(1− kr2)e−R
[
2f(r)
c1
(
2R¯− 3
r
)
− 7e−R
]
+
2f(r)
c1
e−R
r
+ 3k
f(r)2
c21
− C0
}
,
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and
w0(r) = 0.
According to k = 0,±1 the solutions are
k=1
Y ±1 (t) =
1
4
e±(t∓α−1)
[(
e∓(t∓α−1) − w1(r)
)2 − 4z1(r)] ; (B.85)
k=0
Y ±0 (t) = α0 ±
√
z0(r)t; (B.86)
k=-1
Y ±−1(t) =
1
2
[
w−1(r)±
√
w2−1(r) + 4z−1(r) sin(t+ α1)
]
; (B.87)
and
Y ±−1(t) =
1
2
[
w−1(r)±
√
w2−1(r)− 4z−1(r) sin(t− α1)
]
. (B.88)
Thus Ak(t, r) is given by
Ak(t, r) =
c1
c1Yk(t) + fk(r)
(B.89)
where fk(r) is given by eq.(B.82) and Yk(t) is given by eqs.(B.85),(B.86),(B.87) and
(B.88).
From the equation (B.70) follows
C0 =
1
A2
[
(1− kr2)
(
3
A¯2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k
]
= (1− kr2)
(
3e−2R + 4
e−R
Ar
)
+
2
A
Y˙
(
2AY˙ − Y¨
Y˙
)
− Y˙ 2 + k
A2
= (1− kr2)e−R
(
3e−R +
4
Ar
)
+ 4Y˙ 2 − 2 Y¨
A
− Y˙ 2 + k
A2
= (1− kr2)e−R
(
3e−R +
4
c1r
(c1Y + f(r))
)
− 2 Y¨
c1
(c1Y + f(r)) +
+
k
c21
[c21Y
2 + 2c1f(r)Y + f(r)
2] + 3Y˙ 2
= (1− kr2)e−R
(
3e−R +
4
c1r
f(r)
)
+
k
c21
f(r)2 + kY 2[
(1− kr2)e−R 4
r
+
2k
c1
f(r)
]
Y − 2f(r)
c1
Y¨ − 2Y Y¨ + 3Y˙ 2.
Hence
2Y¨
(
Y +
f(r)
c1
)
= 3Y˙ 2 + kY 2 + u(r)Y + v(r), (B.90)
where uk(r) and vk(r) are:
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uk(r) =
4
r
(1− kr2)e−R + 2k
c1
f(r)
vk(r) = uk(r)
f(r)
c1
+ 3(1− kr2)e−2R − k
c21
f(r)2 − C0
From the equation B.72
3
A2
[
(kr2 − 1)
(
A¯
A
+ 3
A¯
Ar
)
+
A¨
A
+ k +
A¯
Ar
]
= C5, (B.91)
follows
Y¨
(
Y +
f(r)
c1
)
= 2Y˙ 2 + kY 2 + g(r)Y + h(r), (B.92)
where
g(r) = e−R
[
(kr2 − 1)
(
3
r
− R¯
)
+ 1
]
+ k
f(r)
c1
(B.93)
h(r) = g(r)
f(r)
c1
− kf(r)
2
c21
− 21− (kr
2)2
c1r
− C5
3
, (B.94)
From B.71
1
A2
[
(1− kr2)
(
2
A¯
A
− A¯
2
A2
+ 4
A¯
Ar
)
+ 2
A¨
A
− A˙
2
A2
+ k + 2
A¯
Ar
]
= C0, (B.95)
we have
2Y¨
(
Y +
f(r)
c1
)
= 3Y˙ 2 + kY 2 +m(r)Y + n(r), (B.96)
where
m(r) = e−R
[
−2(kr2 − 1)R¯+ 6
r
− 4kr
]
+ 2k
f(r)
c1
(B.97)
n(r) = m(r)
f(r)
c1
+ 3e−2R(1− kr2)− kf(r)
2
c21
− C0. (B.98)
Summarizing, the differential equation for Y (t) are finally given by
Y˙ 2k = −kY 2k + wk(r)Yk + zk(r) (B.99)
2Y¨
(
Y +
f(r)
c1
)
= 3Y˙ 2 + kY 2 + u(r)Y + v(r) (B.100)
Y¨
(
Y +
f(r)
c1
)
= 2Y˙ 2 + kY 2 + g(r)Y + h(r) (B.101)
2Y¨
(
Y +
f(r)
c1
)
= 3Y˙ 2 + kY 2 +m(r)Y + n(r). (B.102)
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